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Survival modeling
• Regression (i.e., predict time to event) with (potentially) right-

censored data

1:4 P. Wang et al.

their time to event is greater than the observation time, we can only have the censored
time (C) which may be the time of withdrawn, lost or the end of the observation. They
are considered to be censored instances in the context of survival analysis. In other
words, here, we can only observe either survival time (Ti) or censored time (Ci) but
not both, for any given instance i. If and only if yi = min(Ti, Ci) can be observed during
the study, the dataset is said to be right-censored, which is a common scenario that
arises in many practical problems [Marubini and Valsecchi 2004].

In Figure 1, an illustrative example is given for a better understanding of the def-
inition of censoring and the structure of survival data. Six instances are observed in
this longitudinal study for 12 months and the event occurrence information during this
time period is recorded. From Figure 1, we can find that only subjects S4 and S6 have
experienced the event (marked by ‘X’) during the follow-up time and the observed time
for them is the event time. While the event did not occur within the 12 months period
for subjects S1, S2, S3 and S5, which are considered to be censored and marked by red
dots in the figure. More specifically, subjects S2 and S5 are censored since there was
no event occurred during the study period, while subjects S1 and S3 are censored due
to the withdrawal or being lost to follow-up within the study time period.

Fig. 1: An illustration to demonstrate the survival analysis problem.

Problem Statement: For a given instance i, represented by a triplet (Xi, yi, �i),
where Xi 2 R1⇥P is the feature vector; �i is the binary event indicator, i.e., �i = 1 for
an uncensored instance and �i = 0 for a censored instance; and yi denotes the observed
time and is equal to the survival time Ti for an uncensored instance and Ci otherwise,
i.e.,

yi =

⇢
Ti if �i = 1
Ci if �i = 0

(1)

It should be noted that Ti is a latent value for censored instances since these instances
did not experience any event during the observation time period.

The goal of survival analysis is to estimate the time to the event of interest Tj for
a new instance j with feature predictors denoted by Xj . It should be noted that, in
survival analysis problem, the value of Tj will be both non-negative and continuous.

2.2. Survival and Hazard Function
The survival function, which is used to represent the probability that the time to the
event of interest is not earlier than a specified time t [Lee and Wang 2003; Klein and
Moeschberger 2005], is one of the primary goals in survival analysis. Conventionally,
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Event occurrence
e.g., death, divorce, college graduation

Censoring

T



Why might censorship occur?

• Person does not experience event before 
study ends

• Person lost to follow-up during study period
• Person withdraws from the study because of

death (if death is not event of interest) or
some other reason (e.g. adverse drug 
reaction)

[Kleinbaum & Klein. Survival Analysis: A Self-Learning Text. Springer, 2005]



Notation and formalization
• f(t|x), the probability of death/failure at time t, conditioned 

on x
• Survival function is 1 – (f’s CDF):

[Ha, Jeong, Lee. Statistical Modeling of Survival Data with Random Effects. Springer 2017]
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survival function is represented by S, which is given as follows:

S(t) = Pr(T � t). (2)

The survival function monotonically decreases with t, and the initial value is 1 when
t = 0, which represents the fact that, in the beginning of the observation, 100% of the
observed subjects survive; in other words, none of the events of interest have occurred.

On the contrary, the cumulative death distribution function F (t), which represents
the probability that the event of interest occurs earlier than t, is defined as F (t) =
1� S(t), and death density function can be obtained as f(t) = d

dtF (t) for continuous
cases, and f(t) = [F (t+�t)� F (t)]/�t, where �t denotes a small time interval, for
discrete cases. Figure 2 shows the relationship among these functions.

Time in years

Fig. 2: Relationship among different entities f(t), F (t) and S(t).

In survival analysis, another commonly used function is the hazard function (h(t)),
which is also called the force of mortality, the instantaneous death rate or the condi-
tional failure rate [Dunn and Clark 2009]. The hazard function does not indicate the
chance or probability of the event of interest, but instead it is the rate of event at time
t given that no event occurred before time t. Mathematically, the hazard function is
defined as:

h(t) = lim
�t!0

Pr(t  T < t+�t | T � t)

�t
= lim

�t!0

F (t+�t)� F (t)

�t · S(t) =
f(t)

S(t)
(3)

Similar to S(t), h(t) is also a non-negative function. While all the survival functions,
S(t), decrease over time, the hazard function can have a variety of shapes. Consider
the definition of f(t), which can also be expressed as f(t) = � d

dtS(t), so the hazard
function can be represented as:

h(t) =
f(t)

S(t)
= � d

dt
S(t) · 1

S(t)
= � d

dt
[lnS(t)]. (4)

Thus, the survival function defined in Eq. (2) can be rewritten as

S(t) = exp(�H(t)) (5)
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S(t | x) = P (T > t | x) =
Z 1

u=t
f(u | x)du

S(0) = 1

S(1) = 0



Kaplan-Meier estimator of survival 
function S(t)=P(T > t)

• Example of a non-parametric method; good for 
unconditional density estimation

We let d denote a (0,1) random variable
indicating either censorship or failure. A per-
son who does not fail, that is, does not get the
event during the study period, must have been
censored either before or at the end of the
study.

The survivor function, denoted by S(t), gives
the probability that the random variable T
exceeds the specified time t.

Theoretically, as t ranges from 0 up to infinity,
the survivor function is graphed as a decreas-
ing smooth curve, which begins at S(t) ¼ 1 at
t ¼ 0 and heads downward toward zero as
t increases toward infinity.

In practice, using data, we usually obtain esti-
mated survivor curves that are step functions,
as illustrated here, rather than smooth curves.

The hazard function, denoted by h(t), gives the
instantaneous potential per unit time for
the event to occur given that the individual
has survived up to time t.

In contrast to the survivor function, which
focuses on not failing, the hazard function
focuses on failing; in other words, the higher
the average hazard, the worse the impact on
survival. The hazard is a rate, rather than a
probability. Thus, the values of the hazard
function range between zero and infinity.

Regardless of which function S(t) or h(t) one
prefers, there is a clearly defined relation-
ship between the two. In fact, if one knows
the form of S(t), one can derive the corres-
ponding h(t), and vice versa.

d ¼ 0, 1ð Þ random variable

¼ 1 if failure
0 if censored

!

S tð Þ ¼ survivor function

¼ Pr T > tð Þ

1

0

Theoretical S(t)

t

S(t)

S(0)

S(¥)

¥

S(t)

S(t) in practice

t

1

0 Study end

h tð Þ ¼ hazard function

¼ instantaneous potential

given survival up to time t

Not failing

FailingS(t)

h(t)

h(t) is a rate: 0 to 1

h(t)S(t)
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Estimated 
survival 

probability

[Kleinbaum & Klein. Survival Analysis: A Self-Learning Text. Springer, 2005]



Kaplan-Meier estimator of survival 
function S(t)=P(T > t)

The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
smallest to largest. The second column gives
frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.

General Data Layout:

Indiv. # t d X1 X2 . . . Xp

1 t1 d1 X11 X12 . . . X1p

2 t2 d2 X21 X22 . . . X2p

" " " " "
" " " " "
" " " " "
n tn dn Xn1 Xn2 . . . Xnp

Alternative (ordered) data
layout:

Ordered
failure
times,
t(f )

# of
failures

mf

# censored in
[t(f ), t(fþ1)),

qf

Risk
set,

R(t(f ))

t(0) ¼ 0 m0 ¼ 0 q0 R(t(0))
t(1) m1 q1 R(t(1))
t(2) m2 q2 R(t(2))
" " " "
" " " "
" " " "
t(k) mk qk R(t(k))

Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.

60 2. Kaplan-Meier Survival Curves and the Log-Rank Test

[Kleinbaum & Klein. Survival Analysis: A Self-Learning Text. Springer, 2005]
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II. An Example of
Kaplan-Meier Curves

The data for this example derive from a study
of the remission times in weeks for two groups
of leukemia patients, with 21 patients in each
group. Group 1 is the treatment group and
group 2 is the placebo group. The basic question
of interest concerns comparing the survival
experience of the two groups.

Of the 21 persons in group 1, 9 failed during the
study period and 12 were censored. In contrast,
none of the data in group 2 are censored; that
is, all 21 persons in the placebo group went out
of remission during the study period.

In Chapter 1, we observed for this data set that
group 1 appears to have better survival progno-
sis than group 2, suggesting that the treatment
is effective. This conclusion was supported by
descriptive statistics for the average survival
time and average hazard rate shown. Note,
however, that descriptive statistics provide
overall comparisons but do not compare the
two groups at different times of follow-up.

EXAMPLE

The data: remission times (weeks) for
two groups of leukemia patients

Group 1 (n ¼ 21)
treatment

Group 2 (n ¼ 21)
placebo

6, 6, 6, 7, 10, 1, 1, 2, 2, 3,
13, 16, 22, 23, 4, 4, 5, 5,
6þ, 9þ, 10þ, 11þ, 8, 8, 8, 8,
17þ, 19þ, 20þ, 11, 11, 12, 12,
25þ, 32þ, 32þ, 15, 17, 22, 23
34þ, 35þ,

Note: þ denotes censored

# failed # censored Total

Group 1 9 12 21
Group 2 21 0 21

Descriptive statistics:

!T1 ignoringþ 0sð Þ ¼ 17:1; !T2 ¼ 8:6

!h1 ¼ :025; !h2 ¼ :115;
!h2
!h1

¼ 4:6
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A table of ordered failure times is shown here
for each group. These tables provide the basic
information for the computation of KM curves.

Each table begins with a survival time of zero,
even though no subject actually failed at the
start of follow-up. The reason for the zero is
to allow for the possibility that some subjects
might have been censored before the earliest
failure time.

Also, each table contains a column denoted as
nf that gives the number of subjects in the risk
set at the start of the interval. Given that the
risk set is defined as the collection of indivi-
duals who have survived at least to time t(f),
it is assumed that nf includes those persons
failing at time t(f). In other words, nf counts
those subjects at risk for failing instanta-
neously prior to time t(f).

We now describe how to compute the KM
curve for the table for group 2. The computa-
tions for group 2 are quite straightforward
because there are no censored subjects for
this group.

The table of ordered failure times for group
2 is presented here again with the addition of
another column that contains survival proba-
bility estimates. These estimates are the KM
survival probabilities for this group. We will
discuss the computations of these probabilities
shortly.

EXAMPLE: (continued)

Ordered failure times:

Group 1 (treatment)

t(f) nf mf qf

0 21 0 0
6 21 3 1
7 17 1 1
10 15 1 2
13 12 1 0
16 11 1 3
22 7 1 0
23 6 1 5
>23 — — —

Group 2 (placebo)

t(f) nf mf qf

0 21 0 0
1 21 2 0
2 19 2 0
3 17 1 0
4 16 2 0
5 14 2 0
8 12 4 0
11 8 2 0
12 6 2 0
15 4 1 0
17 3 1 0
22 2 1 0
23 1 1 0

Group 2: no censored subjects
Group 2 (placebo)

t(f) nf mf qf Ŝ (t(f))

0 21 0 0 1
1 21 2 0 19/21 ¼ .90
2 19 2 0 17/21 ¼ .81
3 17 1 0 16/21 ¼ .76
4 16 2 0 14/21 ¼ .67
5 14 2 0 12/21 ¼ .57
8 12 4 0 8/21 ¼ .38

11 8 2 0 6/21 ¼ .29
12 6 2 0 4/21 ¼ .19
15 4 1 0 3/21 ¼ .14
17 3 1 0 2/21 ¼ .10
22 2 1 0 1/21 ¼ .05
23 1 1 0 0/21 ¼ .00
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The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
smallest to largest. The second column gives
frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.

General Data Layout:

Indiv. # t d X1 X2 . . . Xp

1 t1 d1 X11 X12 . . . X1p

2 t2 d2 X21 X22 . . . X2p

" " " " "
" " " " "
" " " " "
n tn dn Xn1 Xn2 . . . Xnp

Alternative (ordered) data
layout:

Ordered
failure
times,
t(f )

# of
failures

mf

# censored in
[t(f ), t(fþ1)),

qf

Risk
set,

R(t(f ))

t(0) ¼ 0 m0 ¼ 0 q0 R(t(0))
t(1) m1 q1 R(t(1))
t(2) m2 q2 R(t(2))
" " " "
" " " "
" " " "
t(k) mk qk R(t(k))

Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.
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# at risk

nf

By default, we always include t=0
with nf = n

[Freireich et al. The Effect of 6-Mercaptopurine on the Duration of Steroid-Induced 
Remissions in Acute Leukemia: A Model for Evaluation of Other Potentially Useful 
Therapy. Blood, 21: 699-716, 1963]



II. An Example of
Kaplan-Meier Curves

The data for this example derive from a study
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A table of ordered failure times is shown here
for each group. These tables provide the basic
information for the computation of KM curves.

Each table begins with a survival time of zero,
even though no subject actually failed at the
start of follow-up. The reason for the zero is
to allow for the possibility that some subjects
might have been censored before the earliest
failure time.

Also, each table contains a column denoted as
nf that gives the number of subjects in the risk
set at the start of the interval. Given that the
risk set is defined as the collection of indivi-
duals who have survived at least to time t(f),
it is assumed that nf includes those persons
failing at time t(f). In other words, nf counts
those subjects at risk for failing instanta-
neously prior to time t(f).

We now describe how to compute the KM
curve for the table for group 2. The computa-
tions for group 2 are quite straightforward
because there are no censored subjects for
this group.

The table of ordered failure times for group
2 is presented here again with the addition of
another column that contains survival proba-
bility estimates. These estimates are the KM
survival probabilities for this group. We will
discuss the computations of these probabilities
shortly.

EXAMPLE: (continued)

Ordered failure times:

Group 1 (treatment)

t(f) nf mf qf

0 21 0 0
6 21 3 1
7 17 1 1
10 15 1 2
13 12 1 0
16 11 1 3
22 7 1 0
23 6 1 5
>23 — — —

Group 2 (placebo)

t(f) nf mf qf

0 21 0 0
1 21 2 0
2 19 2 0
3 17 1 0
4 16 2 0
5 14 2 0
8 12 4 0
11 8 2 0
12 6 2 0
15 4 1 0
17 3 1 0
22 2 1 0
23 1 1 0

Group 2: no censored subjects
Group 2 (placebo)

t(f) nf mf qf Ŝ (t(f))

0 21 0 0 1
1 21 2 0 19/21 ¼ .90
2 19 2 0 17/21 ¼ .81
3 17 1 0 16/21 ¼ .76
4 16 2 0 14/21 ¼ .67
5 14 2 0 12/21 ¼ .57
8 12 4 0 8/21 ¼ .38

11 8 2 0 6/21 ¼ .29
12 6 2 0 4/21 ¼ .19
15 4 1 0 3/21 ¼ .14
17 3 1 0 2/21 ¼ .10
22 2 1 0 1/21 ¼ .05
23 1 1 0 0/21 ¼ .00

62 2. Kaplan-Meier Survival Curves and the Log-Rank Test

The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
smallest to largest. The second column gives
frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.

General Data Layout:

Indiv. # t d X1 X2 . . . Xp

1 t1 d1 X11 X12 . . . X1p

2 t2 d2 X21 X22 . . . X2p

" " " " "
" " " " "
" " " " "
n tn dn Xn1 Xn2 . . . Xnp

Alternative (ordered) data
layout:

Ordered
failure
times,
t(f )

# of
failures

mf

# censored in
[t(f ), t(fþ1)),

qf

Risk
set,

R(t(f ))

t(0) ¼ 0 m0 ¼ 0 q0 R(t(0))
t(1) m1 q1 R(t(1))
t(2) m2 q2 R(t(2))
" " " "
" " " "
" " " "
t(k) mk qk R(t(k))

Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.
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# at risk

nf

At t=1 there are 2 failure events 
(and no censoring events)



II. An Example of
Kaplan-Meier Curves

The data for this example derive from a study
of the remission times in weeks for two groups
of leukemia patients, with 21 patients in each
group. Group 1 is the treatment group and
group 2 is the placebo group. The basic question
of interest concerns comparing the survival
experience of the two groups.

Of the 21 persons in group 1, 9 failed during the
study period and 12 were censored. In contrast,
none of the data in group 2 are censored; that
is, all 21 persons in the placebo group went out
of remission during the study period.

In Chapter 1, we observed for this data set that
group 1 appears to have better survival progno-
sis than group 2, suggesting that the treatment
is effective. This conclusion was supported by
descriptive statistics for the average survival
time and average hazard rate shown. Note,
however, that descriptive statistics provide
overall comparisons but do not compare the
two groups at different times of follow-up.

EXAMPLE

The data: remission times (weeks) for
two groups of leukemia patients

Group 1 (n ¼ 21)
treatment

Group 2 (n ¼ 21)
placebo

6, 6, 6, 7, 10, 1, 1, 2, 2, 3,
13, 16, 22, 23, 4, 4, 5, 5,
6þ, 9þ, 10þ, 11þ, 8, 8, 8, 8,
17þ, 19þ, 20þ, 11, 11, 12, 12,
25þ, 32þ, 32þ, 15, 17, 22, 23
34þ, 35þ,

Note: þ denotes censored

# failed # censored Total

Group 1 9 12 21
Group 2 21 0 21

Descriptive statistics:

!T1 ignoringþ 0sð Þ ¼ 17:1; !T2 ¼ 8:6

!h1 ¼ :025; !h2 ¼ :115;
!h2
!h1

¼ 4:6
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A table of ordered failure times is shown here
for each group. These tables provide the basic
information for the computation of KM curves.

Each table begins with a survival time of zero,
even though no subject actually failed at the
start of follow-up. The reason for the zero is
to allow for the possibility that some subjects
might have been censored before the earliest
failure time.

Also, each table contains a column denoted as
nf that gives the number of subjects in the risk
set at the start of the interval. Given that the
risk set is defined as the collection of indivi-
duals who have survived at least to time t(f),
it is assumed that nf includes those persons
failing at time t(f). In other words, nf counts
those subjects at risk for failing instanta-
neously prior to time t(f).

We now describe how to compute the KM
curve for the table for group 2. The computa-
tions for group 2 are quite straightforward
because there are no censored subjects for
this group.

The table of ordered failure times for group
2 is presented here again with the addition of
another column that contains survival proba-
bility estimates. These estimates are the KM
survival probabilities for this group. We will
discuss the computations of these probabilities
shortly.

EXAMPLE: (continued)

Ordered failure times:

Group 1 (treatment)

t(f) nf mf qf

0 21 0 0
6 21 3 1
7 17 1 1
10 15 1 2
13 12 1 0
16 11 1 3
22 7 1 0
23 6 1 5
>23 — — —

Group 2 (placebo)

t(f) nf mf qf

0 21 0 0
1 21 2 0
2 19 2 0
3 17 1 0
4 16 2 0
5 14 2 0
8 12 4 0
11 8 2 0
12 6 2 0
15 4 1 0
17 3 1 0
22 2 1 0
23 1 1 0

Group 2: no censored subjects
Group 2 (placebo)

t(f) nf mf qf Ŝ (t(f))

0 21 0 0 1
1 21 2 0 19/21 ¼ .90
2 19 2 0 17/21 ¼ .81
3 17 1 0 16/21 ¼ .76
4 16 2 0 14/21 ¼ .67
5 14 2 0 12/21 ¼ .57
8 12 4 0 8/21 ¼ .38

11 8 2 0 6/21 ¼ .29
12 6 2 0 4/21 ¼ .19
15 4 1 0 3/21 ¼ .14
17 3 1 0 2/21 ¼ .10
22 2 1 0 1/21 ¼ .05
23 1 1 0 0/21 ¼ .00

62 2. Kaplan-Meier Survival Curves and the Log-Rank Test

The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
smallest to largest. The second column gives
frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.

General Data Layout:

Indiv. # t d X1 X2 . . . Xp

1 t1 d1 X11 X12 . . . X1p

2 t2 d2 X21 X22 . . . X2p

" " " " "
" " " " "
" " " " "
n tn dn Xn1 Xn2 . . . Xnp

Alternative (ordered) data
layout:

Ordered
failure
times,
t(f )

# of
failures

mf

# censored in
[t(f ), t(fþ1)),

qf

Risk
set,

R(t(f ))

t(0) ¼ 0 m0 ¼ 0 q0 R(t(0))
t(1) m1 q1 R(t(1))
t(2) m2 q2 R(t(2))
" " " "
" " " "
" " " "
t(k) mk qk R(t(k))

Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.
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# at risk

nf

Beginning at t=2 there are 19 
subjects still in the study,

and there are 2 failure events
(and no censoring events)



II. An Example of
Kaplan-Meier Curves

The data for this example derive from a study
of the remission times in weeks for two groups
of leukemia patients, with 21 patients in each
group. Group 1 is the treatment group and
group 2 is the placebo group. The basic question
of interest concerns comparing the survival
experience of the two groups.

Of the 21 persons in group 1, 9 failed during the
study period and 12 were censored. In contrast,
none of the data in group 2 are censored; that
is, all 21 persons in the placebo group went out
of remission during the study period.

In Chapter 1, we observed for this data set that
group 1 appears to have better survival progno-
sis than group 2, suggesting that the treatment
is effective. This conclusion was supported by
descriptive statistics for the average survival
time and average hazard rate shown. Note,
however, that descriptive statistics provide
overall comparisons but do not compare the
two groups at different times of follow-up.

EXAMPLE

The data: remission times (weeks) for
two groups of leukemia patients

Group 1 (n ¼ 21)
treatment

Group 2 (n ¼ 21)
placebo

6, 6, 6, 7, 10, 1, 1, 2, 2, 3,
13, 16, 22, 23, 4, 4, 5, 5,
6þ, 9þ, 10þ, 11þ, 8, 8, 8, 8,
17þ, 19þ, 20þ, 11, 11, 12, 12,
25þ, 32þ, 32þ, 15, 17, 22, 23
34þ, 35þ,

Note: þ denotes censored

# failed # censored Total

Group 1 9 12 21
Group 2 21 0 21

Descriptive statistics:

!T1 ignoringþ 0sð Þ ¼ 17:1; !T2 ¼ 8:6

!h1 ¼ :025; !h2 ¼ :115;
!h2
!h1

¼ 4:6

Presentation: II. An Example of Kaplan-Meier Curves 61

[Kleinbaum & Klein. Survival Analysis: A Self-Learning Text. Springer, 2005]

A table of ordered failure times is shown here
for each group. These tables provide the basic
information for the computation of KM curves.

Each table begins with a survival time of zero,
even though no subject actually failed at the
start of follow-up. The reason for the zero is
to allow for the possibility that some subjects
might have been censored before the earliest
failure time.

Also, each table contains a column denoted as
nf that gives the number of subjects in the risk
set at the start of the interval. Given that the
risk set is defined as the collection of indivi-
duals who have survived at least to time t(f),
it is assumed that nf includes those persons
failing at time t(f). In other words, nf counts
those subjects at risk for failing instanta-
neously prior to time t(f).

We now describe how to compute the KM
curve for the table for group 2. The computa-
tions for group 2 are quite straightforward
because there are no censored subjects for
this group.

The table of ordered failure times for group
2 is presented here again with the addition of
another column that contains survival proba-
bility estimates. These estimates are the KM
survival probabilities for this group. We will
discuss the computations of these probabilities
shortly.

EXAMPLE: (continued)

Ordered failure times:

Group 1 (treatment)

t(f) nf mf qf

0 21 0 0
6 21 3 1
7 17 1 1
10 15 1 2
13 12 1 0
16 11 1 3
22 7 1 0
23 6 1 5
>23 — — —

Group 2 (placebo)

t(f) nf mf qf

0 21 0 0
1 21 2 0
2 19 2 0
3 17 1 0
4 16 2 0
5 14 2 0
8 12 4 0
11 8 2 0
12 6 2 0
15 4 1 0
17 3 1 0
22 2 1 0
23 1 1 0

Group 2: no censored subjects
Group 2 (placebo)

t(f) nf mf qf Ŝ (t(f))

0 21 0 0 1
1 21 2 0 19/21 ¼ .90
2 19 2 0 17/21 ¼ .81
3 17 1 0 16/21 ¼ .76
4 16 2 0 14/21 ¼ .67
5 14 2 0 12/21 ¼ .57
8 12 4 0 8/21 ¼ .38

11 8 2 0 6/21 ¼ .29
12 6 2 0 4/21 ¼ .19
15 4 1 0 3/21 ¼ .14
17 3 1 0 2/21 ¼ .10
22 2 1 0 1/21 ¼ .05
23 1 1 0 0/21 ¼ .00

62 2. Kaplan-Meier Survival Curves and the Log-Rank Test

The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
smallest to largest. The second column gives
frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.

General Data Layout:

Indiv. # t d X1 X2 . . . Xp

1 t1 d1 X11 X12 . . . X1p

2 t2 d2 X21 X22 . . . X2p

" " " " "
" " " " "
" " " " "
n tn dn Xn1 Xn2 . . . Xnp

Alternative (ordered) data
layout:
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qf

Risk
set,

R(t(f ))

t(0) ¼ 0 m0 ¼ 0 q0 R(t(0))
t(1) m1 q1 R(t(1))
t(2) m2 q2 R(t(2))
" " " "
" " " "
" " " "
t(k) mk qk R(t(k))

Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.
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Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.
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II. An Example of
Kaplan-Meier Curves

The data for this example derive from a study
of the remission times in weeks for two groups
of leukemia patients, with 21 patients in each
group. Group 1 is the treatment group and
group 2 is the placebo group. The basic question
of interest concerns comparing the survival
experience of the two groups.

Of the 21 persons in group 1, 9 failed during the
study period and 12 were censored. In contrast,
none of the data in group 2 are censored; that
is, all 21 persons in the placebo group went out
of remission during the study period.

In Chapter 1, we observed for this data set that
group 1 appears to have better survival progno-
sis than group 2, suggesting that the treatment
is effective. This conclusion was supported by
descriptive statistics for the average survival
time and average hazard rate shown. Note,
however, that descriptive statistics provide
overall comparisons but do not compare the
two groups at different times of follow-up.

EXAMPLE

The data: remission times (weeks) for
two groups of leukemia patients

Group 1 (n ¼ 21)
treatment

Group 2 (n ¼ 21)
placebo

6, 6, 6, 7, 10, 1, 1, 2, 2, 3,
13, 16, 22, 23, 4, 4, 5, 5,
6þ, 9þ, 10þ, 11þ, 8, 8, 8, 8,
17þ, 19þ, 20þ, 11, 11, 12, 12,
25þ, 32þ, 32þ, 15, 17, 22, 23
34þ, 35þ,

Note: þ denotes censored

# failed # censored Total

Group 1 9 12 21
Group 2 21 0 21

Descriptive statistics:

!T1 ignoringþ 0sð Þ ¼ 17:1; !T2 ¼ 8:6

!h1 ¼ :025; !h2 ¼ :115;
!h2
!h1

¼ 4:6
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A table of ordered failure times is shown here
for each group. These tables provide the basic
information for the computation of KM curves.

Each table begins with a survival time of zero,
even though no subject actually failed at the
start of follow-up. The reason for the zero is
to allow for the possibility that some subjects
might have been censored before the earliest
failure time.

Also, each table contains a column denoted as
nf that gives the number of subjects in the risk
set at the start of the interval. Given that the
risk set is defined as the collection of indivi-
duals who have survived at least to time t(f),
it is assumed that nf includes those persons
failing at time t(f). In other words, nf counts
those subjects at risk for failing instanta-
neously prior to time t(f).

We now describe how to compute the KM
curve for the table for group 2. The computa-
tions for group 2 are quite straightforward
because there are no censored subjects for
this group.

The table of ordered failure times for group
2 is presented here again with the addition of
another column that contains survival proba-
bility estimates. These estimates are the KM
survival probabilities for this group. We will
discuss the computations of these probabilities
shortly.

EXAMPLE: (continued)

Ordered failure times:

Group 1 (treatment)

t(f) nf mf qf

0 21 0 0
6 21 3 1
7 17 1 1
10 15 1 2
13 12 1 0
16 11 1 3
22 7 1 0
23 6 1 5
>23 — — —

Group 2 (placebo)

t(f) nf mf qf

0 21 0 0
1 21 2 0
2 19 2 0
3 17 1 0
4 16 2 0
5 14 2 0
8 12 4 0
11 8 2 0
12 6 2 0
15 4 1 0
17 3 1 0
22 2 1 0
23 1 1 0

Group 2: no censored subjects
Group 2 (placebo)

t(f) nf mf qf Ŝ (t(f))

0 21 0 0 1
1 21 2 0 19/21 ¼ .90
2 19 2 0 17/21 ¼ .81
3 17 1 0 16/21 ¼ .76
4 16 2 0 14/21 ¼ .67
5 14 2 0 12/21 ¼ .57
8 12 4 0 8/21 ¼ .38

11 8 2 0 6/21 ¼ .29
12 6 2 0 4/21 ¼ .19
15 4 1 0 3/21 ¼ .14
17 3 1 0 2/21 ¼ .10
22 2 1 0 1/21 ¼ .05
23 1 1 0 0/21 ¼ .00
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The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
smallest to largest. The second column gives
frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.

General Data Layout:

Indiv. # t d X1 X2 . . . Xp

1 t1 d1 X11 X12 . . . X1p

2 t2 d2 X21 X22 . . . X2p

" " " " "
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n tn dn Xn1 Xn2 . . . Xnp
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Risk
set,
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t(1) m1 q1 R(t(1))
t(2) m2 q2 R(t(2))
" " " "
" " " "
" " " "
t(k) mk qk R(t(k))

Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.
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II. An Example of
Kaplan-Meier Curves

The data for this example derive from a study
of the remission times in weeks for two groups
of leukemia patients, with 21 patients in each
group. Group 1 is the treatment group and
group 2 is the placebo group. The basic question
of interest concerns comparing the survival
experience of the two groups.

Of the 21 persons in group 1, 9 failed during the
study period and 12 were censored. In contrast,
none of the data in group 2 are censored; that
is, all 21 persons in the placebo group went out
of remission during the study period.

In Chapter 1, we observed for this data set that
group 1 appears to have better survival progno-
sis than group 2, suggesting that the treatment
is effective. This conclusion was supported by
descriptive statistics for the average survival
time and average hazard rate shown. Note,
however, that descriptive statistics provide
overall comparisons but do not compare the
two groups at different times of follow-up.

EXAMPLE

The data: remission times (weeks) for
two groups of leukemia patients

Group 1 (n ¼ 21)
treatment

Group 2 (n ¼ 21)
placebo

6, 6, 6, 7, 10, 1, 1, 2, 2, 3,
13, 16, 22, 23, 4, 4, 5, 5,
6þ, 9þ, 10þ, 11þ, 8, 8, 8, 8,
17þ, 19þ, 20þ, 11, 11, 12, 12,
25þ, 32þ, 32þ, 15, 17, 22, 23
34þ, 35þ,

Note: þ denotes censored

# failed # censored Total

Group 1 9 12 21
Group 2 21 0 21

Descriptive statistics:

!T1 ignoringþ 0sð Þ ¼ 17:1; !T2 ¼ 8:6

!h1 ¼ :025; !h2 ¼ :115;
!h2
!h1

¼ 4:6
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A table of ordered failure times is shown here
for each group. These tables provide the basic
information for the computation of KM curves.

Each table begins with a survival time of zero,
even though no subject actually failed at the
start of follow-up. The reason for the zero is
to allow for the possibility that some subjects
might have been censored before the earliest
failure time.

Also, each table contains a column denoted as
nf that gives the number of subjects in the risk
set at the start of the interval. Given that the
risk set is defined as the collection of indivi-
duals who have survived at least to time t(f),
it is assumed that nf includes those persons
failing at time t(f). In other words, nf counts
those subjects at risk for failing instanta-
neously prior to time t(f).

We now describe how to compute the KM
curve for the table for group 2. The computa-
tions for group 2 are quite straightforward
because there are no censored subjects for
this group.

The table of ordered failure times for group
2 is presented here again with the addition of
another column that contains survival proba-
bility estimates. These estimates are the KM
survival probabilities for this group. We will
discuss the computations of these probabilities
shortly.

EXAMPLE: (continued)

Ordered failure times:

Group 1 (treatment)

t(f) nf mf qf

0 21 0 0
6 21 3 1
7 17 1 1
10 15 1 2
13 12 1 0
16 11 1 3
22 7 1 0
23 6 1 5
>23 — — —

Group 2 (placebo)

t(f) nf mf qf

0 21 0 0
1 21 2 0
2 19 2 0
3 17 1 0
4 16 2 0
5 14 2 0
8 12 4 0
11 8 2 0
12 6 2 0
15 4 1 0
17 3 1 0
22 2 1 0
23 1 1 0

Group 2: no censored subjects
Group 2 (placebo)

t(f) nf mf qf Ŝ (t(f))

0 21 0 0 1
1 21 2 0 19/21 ¼ .90
2 19 2 0 17/21 ¼ .81
3 17 1 0 16/21 ¼ .76
4 16 2 0 14/21 ¼ .67
5 14 2 0 12/21 ¼ .57
8 12 4 0 8/21 ¼ .38

11 8 2 0 6/21 ¼ .29
12 6 2 0 4/21 ¼ .19
15 4 1 0 3/21 ¼ .14
17 3 1 0 2/21 ¼ .10
22 2 1 0 1/21 ¼ .05
23 1 1 0 0/21 ¼ .00

62 2. Kaplan-Meier Survival Curves and the Log-Rank Test

The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
smallest to largest. The second column gives
frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.

General Data Layout:

Indiv. # t d X1 X2 . . . Xp

1 t1 d1 X11 X12 . . . X1p

2 t2 d2 X21 X22 . . . X2p

" " " " "
" " " " "
" " " " "
n tn dn Xn1 Xn2 . . . Xnp

Alternative (ordered) data
layout:

Ordered
failure
times,
t(f )

# of
failures

mf

# censored in
[t(f ), t(fþ1)),

qf

Risk
set,

R(t(f ))

t(0) ¼ 0 m0 ¼ 0 q0 R(t(0))
t(1) m1 q1 R(t(1))
t(2) m2 q2 R(t(2))
" " " "
" " " "
" " " "
t(k) mk qk R(t(k))

Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.
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for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
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frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.
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# at risk

nf

A table of ordered failure times is shown here
for each group. These tables provide the basic
information for the computation of KM curves.

Each table begins with a survival time of zero,
even though no subject actually failed at the
start of follow-up. The reason for the zero is
to allow for the possibility that some subjects
might have been censored before the earliest
failure time.

Also, each table contains a column denoted as
nf that gives the number of subjects in the risk
set at the start of the interval. Given that the
risk set is defined as the collection of indivi-
duals who have survived at least to time t(f),
it is assumed that nf includes those persons
failing at time t(f). In other words, nf counts
those subjects at risk for failing instanta-
neously prior to time t(f).

We now describe how to compute the KM
curve for the table for group 2. The computa-
tions for group 2 are quite straightforward
because there are no censored subjects for
this group.

The table of ordered failure times for group
2 is presented here again with the addition of
another column that contains survival proba-
bility estimates. These estimates are the KM
survival probabilities for this group. We will
discuss the computations of these probabilities
shortly.

EXAMPLE: (continued)

Ordered failure times:

Group 1 (treatment)

t(f) nf mf qf

0 21 0 0
6 21 3 1
7 17 1 1
10 15 1 2
13 12 1 0
16 11 1 3
22 7 1 0
23 6 1 5
>23 — — —

Group 2 (placebo)

t(f) nf mf qf

0 21 0 0
1 21 2 0
2 19 2 0
3 17 1 0
4 16 2 0
5 14 2 0
8 12 4 0
11 8 2 0
12 6 2 0
15 4 1 0
17 3 1 0
22 2 1 0
23 1 1 0

Group 2: no censored subjects
Group 2 (placebo)

t(f) nf mf qf Ŝ (t(f))

0 21 0 0 1
1 21 2 0 19/21 ¼ .90
2 19 2 0 17/21 ¼ .81
3 17 1 0 16/21 ¼ .76
4 16 2 0 14/21 ¼ .67
5 14 2 0 12/21 ¼ .57
8 12 4 0 8/21 ¼ .38

11 8 2 0 6/21 ¼ .29
12 6 2 0 4/21 ¼ .19
15 4 1 0 3/21 ¼ .14
17 3 1 0 2/21 ¼ .10
22 2 1 0 1/21 ¼ .05
23 1 1 0 0/21 ¼ .00
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Ŝ(t(f)) =
# surviving past t(f)

n
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person up to the time of censorship, rather
than simply throw away all the information
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The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.
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nf

A table of ordered failure times is shown here
for each group. These tables provide the basic
information for the computation of KM curves.

Each table begins with a survival time of zero,
even though no subject actually failed at the
start of follow-up. The reason for the zero is
to allow for the possibility that some subjects
might have been censored before the earliest
failure time.

Also, each table contains a column denoted as
nf that gives the number of subjects in the risk
set at the start of the interval. Given that the
risk set is defined as the collection of indivi-
duals who have survived at least to time t(f),
it is assumed that nf includes those persons
failing at time t(f). In other words, nf counts
those subjects at risk for failing instanta-
neously prior to time t(f).

We now describe how to compute the KM
curve for the table for group 2. The computa-
tions for group 2 are quite straightforward
because there are no censored subjects for
this group.

The table of ordered failure times for group
2 is presented here again with the addition of
another column that contains survival proba-
bility estimates. These estimates are the KM
survival probabilities for this group. We will
discuss the computations of these probabilities
shortly.

EXAMPLE: (continued)

Ordered failure times:

Group 1 (treatment)

t(f) nf mf qf

0 21 0 0
6 21 3 1
7 17 1 1
10 15 1 2
13 12 1 0
16 11 1 3
22 7 1 0
23 6 1 5
>23 — — —

Group 2 (placebo)

t(f) nf mf qf

0 21 0 0
1 21 2 0
2 19 2 0
3 17 1 0
4 16 2 0
5 14 2 0
8 12 4 0
11 8 2 0
12 6 2 0
15 4 1 0
17 3 1 0
22 2 1 0
23 1 1 0

Group 2: no censored subjects
Group 2 (placebo)

t(f) nf mf qf Ŝ (t(f))

0 21 0 0 1
1 21 2 0 19/21 ¼ .90
2 19 2 0 17/21 ¼ .81
3 17 1 0 16/21 ¼ .76
4 16 2 0 14/21 ¼ .67
5 14 2 0 12/21 ¼ .57
8 12 4 0 8/21 ¼ .38

11 8 2 0 6/21 ¼ .29
12 6 2 0 4/21 ¼ .19
15 4 1 0 3/21 ¼ .14
17 3 1 0 2/21 ¼ .10
22 2 1 0 1/21 ¼ .05
23 1 1 0 0/21 ¼ .00
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A plot of the KM survival probabilities
corresponding to each ordered failure time is
shown here for group 2. Empirical plots such
as this one are typically plotted as a step func-
tion that starts with a horizontal line at a sur-
vival probability of 1 and then steps down to
the other survival probabilities as we move
from one ordered failure time to another.

We now describe how the survival probabilities
for the group 2 data are computed. Recall that
a survival probability gives the probability that
a study subject survives past a specified time.

Thus, considering the group 2 data, the pro-
bability of surviving past zero is unity, as it
will always be for any data set.

Similarly, the next probability concerns sub-
jects surviving past 2 weeks, which is 17/21
(or. 81) because 2 subjects failed at 1 week and
2 subjects failed at 2 weeks leaving 17 out of the
original 21 subjects surviving past 2 weeks.

The remaining survival probabilities in the
table are computed in the same manner, that
is, we count the number of subjects surviving
past the specified time being considered and
divide this number by 21, the number of sub-
jects at the start of follow-up.

Recall that no subject in group 2 was censored,
so the q column for group 2 consists entirely
of zeros. If some of the q’s had been nonzero,
an alternative formula for computing survival
probabilities would be needed. This alterna-
tive formula is called the Kaplan-Meier (KM)
approach and can be illustrated using the
group 2 data even though all values of q are
zero.

EXAMPLE: (continued)

KM Curve for Group 2 (Placebo)

1

0 5

.5

10 15 20
Weeks

S(t)

S(t) ¼ Pr (T > t)

Group 2 (placebo)

t(f) nf mf qf Š (t(f))

0 21 0 0 1
1 21 2 0 19/21 ¼ .90
2 19 2 0 17/21 ¼ .81
3 17 1 0 16/21 ¼ .76
4 16 2 0 14/21 ¼ .67
5 14 2 0 12/21 ¼ .57
8 12 4 0 8/21 ¼ .38

11 8 2 0 6/21 ¼ .29
12 6 2 0 4/21 ¼ .19
15 4 1 0 3/21 ¼ .14
17 3 1 0 2/21 ¼ .10
22 2 1 0 1/21 ¼ .05
23 1 1 0 0/21 ¼ .00

Ŝðtðf ÞÞ ¼
# surviving past tðf Þ

21

No censorship in group 2
Alternative formula: KM approach

Presentation: II. An Example of Kaplan-Meier Curves 63

Next, the probability of surviving past the
first ordered failure time of 1 week is given by
19/21 or (.90) because 2 people failed at 1 week,
so that 19 people from the original 21 remain
as survivors past 1 week.

1 from t=0 to t=1
Drops to .90 at t=1

Ŝ(t(f)) =
# surviving past t(f)

n

Kaplan-Meier curve
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The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
smallest to largest. The second column gives
frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.

General Data Layout:

Indiv. # t d X1 X2 . . . Xp

1 t1 d1 X11 X12 . . . X1p

2 t2 d2 X21 X22 . . . X2p

" " " " "
" " " " "
" " " " "
n tn dn Xn1 Xn2 . . . Xnp

Alternative (ordered) data
layout:

Ordered
failure
times,
t(f )

# of
failures

mf

# censored in
[t(f ), t(fþ1)),

qf

Risk
set,

R(t(f ))

t(0) ¼ 0 m0 ¼ 0 q0 R(t(0))
t(1) m1 q1 R(t(1))
t(2) m2 q2 R(t(2))
" " " "
" " " "
" " " "
t(k) mk qk R(t(k))

Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.
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shown here for group 2. Empirical plots such
as this one are typically plotted as a step func-
tion that starts with a horizontal line at a sur-
vival probability of 1 and then steps down to
the other survival probabilities as we move
from one ordered failure time to another.

We now describe how the survival probabilities
for the group 2 data are computed. Recall that
a survival probability gives the probability that
a study subject survives past a specified time.

Thus, considering the group 2 data, the pro-
bability of surviving past zero is unity, as it
will always be for any data set.

Similarly, the next probability concerns sub-
jects surviving past 2 weeks, which is 17/21
(or. 81) because 2 subjects failed at 1 week and
2 subjects failed at 2 weeks leaving 17 out of the
original 21 subjects surviving past 2 weeks.

The remaining survival probabilities in the
table are computed in the same manner, that
is, we count the number of subjects surviving
past the specified time being considered and
divide this number by 21, the number of sub-
jects at the start of follow-up.

Recall that no subject in group 2 was censored,
so the q column for group 2 consists entirely
of zeros. If some of the q’s had been nonzero,
an alternative formula for computing survival
probabilities would be needed. This alterna-
tive formula is called the Kaplan-Meier (KM)
approach and can be illustrated using the
group 2 data even though all values of q are
zero.

EXAMPLE: (continued)

KM Curve for Group 2 (Placebo)

1

0 5

.5

10 15 20
Weeks

S(t)

S(t) ¼ Pr (T > t)

Group 2 (placebo)

t(f) nf mf qf Š (t(f))

0 21 0 0 1
1 21 2 0 19/21 ¼ .90
2 19 2 0 17/21 ¼ .81
3 17 1 0 16/21 ¼ .76
4 16 2 0 14/21 ¼ .67
5 14 2 0 12/21 ¼ .57
8 12 4 0 8/21 ¼ .38

11 8 2 0 6/21 ¼ .29
12 6 2 0 4/21 ¼ .19
15 4 1 0 3/21 ¼ .14
17 3 1 0 2/21 ¼ .10
22 2 1 0 1/21 ¼ .05
23 1 1 0 0/21 ¼ .00

Ŝðtðf ÞÞ ¼
# surviving past tðf Þ

21

No censorship in group 2
Alternative formula: KM approach
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Next, the probability of surviving past the
first ordered failure time of 1 week is given by
19/21 or (.90) because 2 people failed at 1 week,
so that 19 people from the original 21 remain
as survivors past 1 week.

Stays at .90 from t=1 to 
next event time (t=2)

Drops to .81 at t=2

Ŝ(t(f)) =
# surviving past t(f)

n

Kaplan-Meier curve
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The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
smallest to largest. The second column gives
frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.

General Data Layout:

Indiv. # t d X1 X2 . . . Xp

1 t1 d1 X11 X12 . . . X1p

2 t2 d2 X21 X22 . . . X2p

" " " " "
" " " " "
" " " " "
n tn dn Xn1 Xn2 . . . Xnp

Alternative (ordered) data
layout:

Ordered
failure
times,
t(f )

# of
failures

mf

# censored in
[t(f ), t(fþ1)),

qf

Risk
set,

R(t(f ))

t(0) ¼ 0 m0 ¼ 0 q0 R(t(0))
t(1) m1 q1 R(t(1))
t(2) m2 q2 R(t(2))
" " " "
" " " "
" " " "
t(k) mk qk R(t(k))

Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.
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person up to the time of censorship, rather
than simply throw away all the information
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The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.
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Table of ordered failures:
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of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.
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The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
smallest to largest. The second column gives
frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.

General Data Layout:
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layout:
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failure
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# censored in
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Risk
set,
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t(1) m1 q1 R(t(1))
t(2) m2 q2 R(t(2))
" " " "
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t(k) mk qk R(t(k))

Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.
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# at risk

nf

A table of ordered failure times is shown here
for each group. These tables provide the basic
information for the computation of KM curves.

Each table begins with a survival time of zero,
even though no subject actually failed at the
start of follow-up. The reason for the zero is
to allow for the possibility that some subjects
might have been censored before the earliest
failure time.

Also, each table contains a column denoted as
nf that gives the number of subjects in the risk
set at the start of the interval. Given that the
risk set is defined as the collection of indivi-
duals who have survived at least to time t(f),
it is assumed that nf includes those persons
failing at time t(f). In other words, nf counts
those subjects at risk for failing instanta-
neously prior to time t(f).

We now describe how to compute the KM
curve for the table for group 2. The computa-
tions for group 2 are quite straightforward
because there are no censored subjects for
this group.

The table of ordered failure times for group
2 is presented here again with the addition of
another column that contains survival proba-
bility estimates. These estimates are the KM
survival probabilities for this group. We will
discuss the computations of these probabilities
shortly.

EXAMPLE: (continued)

Ordered failure times:

Group 1 (treatment)

t(f) nf mf qf

0 21 0 0
6 21 3 1
7 17 1 1
10 15 1 2
13 12 1 0
16 11 1 3
22 7 1 0
23 6 1 5
>23 — — —

Group 2 (placebo)

t(f) nf mf qf

0 21 0 0
1 21 2 0
2 19 2 0
3 17 1 0
4 16 2 0
5 14 2 0
8 12 4 0
11 8 2 0
12 6 2 0
15 4 1 0
17 3 1 0
22 2 1 0
23 1 1 0

Group 2: no censored subjects
Group 2 (placebo)

t(f) nf mf qf Ŝ (t(f))

0 21 0 0 1
1 21 2 0 19/21 ¼ .90
2 19 2 0 17/21 ¼ .81
3 17 1 0 16/21 ¼ .76
4 16 2 0 14/21 ¼ .67
5 14 2 0 12/21 ¼ .57
8 12 4 0 8/21 ¼ .38

11 8 2 0 6/21 ¼ .29
12 6 2 0 4/21 ¼ .19
15 4 1 0 3/21 ¼ .14
17 3 1 0 2/21 ¼ .10
22 2 1 0 1/21 ¼ .05
23 1 1 0 0/21 ¼ .00

62 2. Kaplan-Meier Survival Curves and the Log-Rank Test

A plot of the KM survival probabilities
corresponding to each ordered failure time is
shown here for group 2. Empirical plots such
as this one are typically plotted as a step func-
tion that starts with a horizontal line at a sur-
vival probability of 1 and then steps down to
the other survival probabilities as we move
from one ordered failure time to another.

We now describe how the survival probabilities
for the group 2 data are computed. Recall that
a survival probability gives the probability that
a study subject survives past a specified time.

Thus, considering the group 2 data, the pro-
bability of surviving past zero is unity, as it
will always be for any data set.

Similarly, the next probability concerns sub-
jects surviving past 2 weeks, which is 17/21
(or. 81) because 2 subjects failed at 1 week and
2 subjects failed at 2 weeks leaving 17 out of the
original 21 subjects surviving past 2 weeks.

The remaining survival probabilities in the
table are computed in the same manner, that
is, we count the number of subjects surviving
past the specified time being considered and
divide this number by 21, the number of sub-
jects at the start of follow-up.

Recall that no subject in group 2 was censored,
so the q column for group 2 consists entirely
of zeros. If some of the q’s had been nonzero,
an alternative formula for computing survival
probabilities would be needed. This alterna-
tive formula is called the Kaplan-Meier (KM)
approach and can be illustrated using the
group 2 data even though all values of q are
zero.

EXAMPLE: (continued)

KM Curve for Group 2 (Placebo)

1

0 5

.5

10 15 20
Weeks

S(t)

S(t) ¼ Pr (T > t)

Group 2 (placebo)

t(f) nf mf qf Š (t(f))

0 21 0 0 1
1 21 2 0 19/21 ¼ .90
2 19 2 0 17/21 ¼ .81
3 17 1 0 16/21 ¼ .76
4 16 2 0 14/21 ¼ .67
5 14 2 0 12/21 ¼ .57
8 12 4 0 8/21 ¼ .38

11 8 2 0 6/21 ¼ .29
12 6 2 0 4/21 ¼ .19
15 4 1 0 3/21 ¼ .14
17 3 1 0 2/21 ¼ .10
22 2 1 0 1/21 ¼ .05
23 1 1 0 0/21 ¼ .00

Ŝðtðf ÞÞ ¼
# surviving past tðf Þ

21

No censorship in group 2
Alternative formula: KM approach
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Next, the probability of surviving past the
first ordered failure time of 1 week is given by
19/21 or (.90) because 2 people failed at 1 week,
so that 19 people from the original 21 remain
as survivors past 1 week.

Stays at .81 from t=2 to 
next event time (t=3)

Drops to .76 at t=3

Ŝ(t(f)) =
# surviving past t(f)

n

Kaplan-Meier curve
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The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
smallest to largest. The second column gives
frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.

General Data Layout:

Indiv. # t d X1 X2 . . . Xp

1 t1 d1 X11 X12 . . . X1p

2 t2 d2 X21 X22 . . . X2p

" " " " "
" " " " "
" " " " "
n tn dn Xn1 Xn2 . . . Xnp

Alternative (ordered) data
layout:

Ordered
failure
times,
t(f )

# of
failures

mf

# censored in
[t(f ), t(fþ1)),

qf

Risk
set,

R(t(f ))

t(0) ¼ 0 m0 ¼ 0 q0 R(t(0))
t(1) m1 q1 R(t(1))
t(2) m2 q2 R(t(2))
" " " "
" " " "
" " " "
t(k) mk qk R(t(k))

Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.
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The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
smallest to largest. The second column gives
frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.
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Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.
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The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.
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up to but not including the next failure time,
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risk set, which denotes the collection of indivi-
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time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
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KM method in the next section by way of an
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of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.
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# at risk

nf

A table of ordered failure times is shown here
for each group. These tables provide the basic
information for the computation of KM curves.

Each table begins with a survival time of zero,
even though no subject actually failed at the
start of follow-up. The reason for the zero is
to allow for the possibility that some subjects
might have been censored before the earliest
failure time.

Also, each table contains a column denoted as
nf that gives the number of subjects in the risk
set at the start of the interval. Given that the
risk set is defined as the collection of indivi-
duals who have survived at least to time t(f),
it is assumed that nf includes those persons
failing at time t(f). In other words, nf counts
those subjects at risk for failing instanta-
neously prior to time t(f).

We now describe how to compute the KM
curve for the table for group 2. The computa-
tions for group 2 are quite straightforward
because there are no censored subjects for
this group.

The table of ordered failure times for group
2 is presented here again with the addition of
another column that contains survival proba-
bility estimates. These estimates are the KM
survival probabilities for this group. We will
discuss the computations of these probabilities
shortly.

EXAMPLE: (continued)

Ordered failure times:

Group 1 (treatment)

t(f) nf mf qf

0 21 0 0
6 21 3 1
7 17 1 1
10 15 1 2
13 12 1 0
16 11 1 3
22 7 1 0
23 6 1 5
>23 — — —

Group 2 (placebo)

t(f) nf mf qf

0 21 0 0
1 21 2 0
2 19 2 0
3 17 1 0
4 16 2 0
5 14 2 0
8 12 4 0
11 8 2 0
12 6 2 0
15 4 1 0
17 3 1 0
22 2 1 0
23 1 1 0

Group 2: no censored subjects
Group 2 (placebo)

t(f) nf mf qf Ŝ (t(f))

0 21 0 0 1
1 21 2 0 19/21 ¼ .90
2 19 2 0 17/21 ¼ .81
3 17 1 0 16/21 ¼ .76
4 16 2 0 14/21 ¼ .67
5 14 2 0 12/21 ¼ .57
8 12 4 0 8/21 ¼ .38

11 8 2 0 6/21 ¼ .29
12 6 2 0 4/21 ¼ .19
15 4 1 0 3/21 ¼ .14
17 3 1 0 2/21 ¼ .10
22 2 1 0 1/21 ¼ .05
23 1 1 0 0/21 ¼ .00

62 2. Kaplan-Meier Survival Curves and the Log-Rank Test

A plot of the KM survival probabilities
corresponding to each ordered failure time is
shown here for group 2. Empirical plots such
as this one are typically plotted as a step func-
tion that starts with a horizontal line at a sur-
vival probability of 1 and then steps down to
the other survival probabilities as we move
from one ordered failure time to another.

We now describe how the survival probabilities
for the group 2 data are computed. Recall that
a survival probability gives the probability that
a study subject survives past a specified time.

Thus, considering the group 2 data, the pro-
bability of surviving past zero is unity, as it
will always be for any data set.

Similarly, the next probability concerns sub-
jects surviving past 2 weeks, which is 17/21
(or. 81) because 2 subjects failed at 1 week and
2 subjects failed at 2 weeks leaving 17 out of the
original 21 subjects surviving past 2 weeks.

The remaining survival probabilities in the
table are computed in the same manner, that
is, we count the number of subjects surviving
past the specified time being considered and
divide this number by 21, the number of sub-
jects at the start of follow-up.

Recall that no subject in group 2 was censored,
so the q column for group 2 consists entirely
of zeros. If some of the q’s had been nonzero,
an alternative formula for computing survival
probabilities would be needed. This alterna-
tive formula is called the Kaplan-Meier (KM)
approach and can be illustrated using the
group 2 data even though all values of q are
zero.

EXAMPLE: (continued)

KM Curve for Group 2 (Placebo)

1

0 5

.5

10 15 20
Weeks

S(t)

S(t) ¼ Pr (T > t)

Group 2 (placebo)

t(f) nf mf qf Š (t(f))

0 21 0 0 1
1 21 2 0 19/21 ¼ .90
2 19 2 0 17/21 ¼ .81
3 17 1 0 16/21 ¼ .76
4 16 2 0 14/21 ¼ .67
5 14 2 0 12/21 ¼ .57
8 12 4 0 8/21 ¼ .38

11 8 2 0 6/21 ¼ .29
12 6 2 0 4/21 ¼ .19
15 4 1 0 3/21 ¼ .14
17 3 1 0 2/21 ¼ .10
22 2 1 0 1/21 ¼ .05
23 1 1 0 0/21 ¼ .00

Ŝðtðf ÞÞ ¼
# surviving past tðf Þ

21

No censorship in group 2
Alternative formula: KM approach
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Next, the probability of surviving past the
first ordered failure time of 1 week is given by
19/21 or (.90) because 2 people failed at 1 week,
so that 19 people from the original 21 remain
as survivors past 1 week.

Stays at .57 from 
t=5 to next event 
time (t=8)

Drops to .38 
at t=8

Ŝ(t(f)) =
# surviving past t(f)

n

Kaplan-Meier curve
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The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
smallest to largest. The second column gives
frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.

General Data Layout:

Indiv. # t d X1 X2 . . . Xp

1 t1 d1 X11 X12 . . . X1p

2 t2 d2 X21 X22 . . . X2p

" " " " "
" " " " "
" " " " "
n tn dn Xn1 Xn2 . . . Xnp

Alternative (ordered) data
layout:

Ordered
failure
times,
t(f )

# of
failures

mf

# censored in
[t(f ), t(fþ1)),

qf

Risk
set,

R(t(f ))

t(0) ¼ 0 m0 ¼ 0 q0 R(t(0))
t(1) m1 q1 R(t(1))
t(2) m2 q2 R(t(2))
" " " "
" " " "
" " " "
t(k) mk qk R(t(k))

Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.
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# at risk

nf

A table of ordered failure times is shown here
for each group. These tables provide the basic
information for the computation of KM curves.

Each table begins with a survival time of zero,
even though no subject actually failed at the
start of follow-up. The reason for the zero is
to allow for the possibility that some subjects
might have been censored before the earliest
failure time.

Also, each table contains a column denoted as
nf that gives the number of subjects in the risk
set at the start of the interval. Given that the
risk set is defined as the collection of indivi-
duals who have survived at least to time t(f),
it is assumed that nf includes those persons
failing at time t(f). In other words, nf counts
those subjects at risk for failing instanta-
neously prior to time t(f).

We now describe how to compute the KM
curve for the table for group 2. The computa-
tions for group 2 are quite straightforward
because there are no censored subjects for
this group.

The table of ordered failure times for group
2 is presented here again with the addition of
another column that contains survival proba-
bility estimates. These estimates are the KM
survival probabilities for this group. We will
discuss the computations of these probabilities
shortly.

EXAMPLE: (continued)

Ordered failure times:

Group 1 (treatment)

t(f) nf mf qf

0 21 0 0
6 21 3 1
7 17 1 1
10 15 1 2
13 12 1 0
16 11 1 3
22 7 1 0
23 6 1 5
>23 — — —

Group 2 (placebo)

t(f) nf mf qf

0 21 0 0
1 21 2 0
2 19 2 0
3 17 1 0
4 16 2 0
5 14 2 0
8 12 4 0
11 8 2 0
12 6 2 0
15 4 1 0
17 3 1 0
22 2 1 0
23 1 1 0

Group 2: no censored subjects
Group 2 (placebo)

t(f) nf mf qf Ŝ (t(f))

0 21 0 0 1
1 21 2 0 19/21 ¼ .90
2 19 2 0 17/21 ¼ .81
3 17 1 0 16/21 ¼ .76
4 16 2 0 14/21 ¼ .67
5 14 2 0 12/21 ¼ .57
8 12 4 0 8/21 ¼ .38

11 8 2 0 6/21 ¼ .29
12 6 2 0 4/21 ¼ .19
15 4 1 0 3/21 ¼ .14
17 3 1 0 2/21 ¼ .10
22 2 1 0 1/21 ¼ .05
23 1 1 0 0/21 ¼ .00

62 2. Kaplan-Meier Survival Curves and the Log-Rank Test

Ŝ(t(f)) =
# surviving past t(f)

n

A plot of the KM survival probabilities
corresponding to each ordered failure time is
shown here for group 2. Empirical plots such
as this one are typically plotted as a step func-
tion that starts with a horizontal line at a sur-
vival probability of 1 and then steps down to
the other survival probabilities as we move
from one ordered failure time to another.

We now describe how the survival probabilities
for the group 2 data are computed. Recall that
a survival probability gives the probability that
a study subject survives past a specified time.

Thus, considering the group 2 data, the pro-
bability of surviving past zero is unity, as it
will always be for any data set.

Similarly, the next probability concerns sub-
jects surviving past 2 weeks, which is 17/21
(or. 81) because 2 subjects failed at 1 week and
2 subjects failed at 2 weeks leaving 17 out of the
original 21 subjects surviving past 2 weeks.

The remaining survival probabilities in the
table are computed in the same manner, that
is, we count the number of subjects surviving
past the specified time being considered and
divide this number by 21, the number of sub-
jects at the start of follow-up.

Recall that no subject in group 2 was censored,
so the q column for group 2 consists entirely
of zeros. If some of the q’s had been nonzero,
an alternative formula for computing survival
probabilities would be needed. This alterna-
tive formula is called the Kaplan-Meier (KM)
approach and can be illustrated using the
group 2 data even though all values of q are
zero.

EXAMPLE: (continued)

KM Curve for Group 2 (Placebo)

1

0 5

.5

10 15 20
Weeks

S(t)

S(t) ¼ Pr (T > t)

Group 2 (placebo)

t(f) nf mf qf Š (t(f))

0 21 0 0 1
1 21 2 0 19/21 ¼ .90
2 19 2 0 17/21 ¼ .81
3 17 1 0 16/21 ¼ .76
4 16 2 0 14/21 ¼ .67
5 14 2 0 12/21 ¼ .57
8 12 4 0 8/21 ¼ .38

11 8 2 0 6/21 ¼ .29
12 6 2 0 4/21 ¼ .19
15 4 1 0 3/21 ¼ .14
17 3 1 0 2/21 ¼ .10
22 2 1 0 1/21 ¼ .05
23 1 1 0 0/21 ¼ .00

Ŝðtðf ÞÞ ¼
# surviving past tðf Þ

21

No censorship in group 2
Alternative formula: KM approach
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Next, the probability of surviving past the
first ordered failure time of 1 week is given by
19/21 or (.90) because 2 people failed at 1 week,
so that 19 people from the original 21 remain
as survivors past 1 week.

Kaplan-Meier curve



II. An Example of
Kaplan-Meier Curves

The data for this example derive from a study
of the remission times in weeks for two groups
of leukemia patients, with 21 patients in each
group. Group 1 is the treatment group and
group 2 is the placebo group. The basic question
of interest concerns comparing the survival
experience of the two groups.

Of the 21 persons in group 1, 9 failed during the
study period and 12 were censored. In contrast,
none of the data in group 2 are censored; that
is, all 21 persons in the placebo group went out
of remission during the study period.

In Chapter 1, we observed for this data set that
group 1 appears to have better survival progno-
sis than group 2, suggesting that the treatment
is effective. This conclusion was supported by
descriptive statistics for the average survival
time and average hazard rate shown. Note,
however, that descriptive statistics provide
overall comparisons but do not compare the
two groups at different times of follow-up.

EXAMPLE

The data: remission times (weeks) for
two groups of leukemia patients

Group 1 (n ¼ 21)
treatment

Group 2 (n ¼ 21)
placebo

6, 6, 6, 7, 10, 1, 1, 2, 2, 3,
13, 16, 22, 23, 4, 4, 5, 5,
6þ, 9þ, 10þ, 11þ, 8, 8, 8, 8,
17þ, 19þ, 20þ, 11, 11, 12, 12,
25þ, 32þ, 32þ, 15, 17, 22, 23
34þ, 35þ,

Note: þ denotes censored

# failed # censored Total

Group 1 9 12 21
Group 2 21 0 21

Descriptive statistics:

!T1 ignoringþ 0sð Þ ¼ 17:1; !T2 ¼ 8:6

!h1 ¼ :025; !h2 ¼ :115;
!h2
!h1

¼ 4:6
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[Kleinbaum & Klein. Survival Analysis: A Self-Learning Text. Springer, 2005]

The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
smallest to largest. The second column gives
frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.

General Data Layout:

Indiv. # t d X1 X2 . . . Xp

1 t1 d1 X11 X12 . . . X1p

2 t2 d2 X21 X22 . . . X2p

" " " " "
" " " " "
" " " " "
n tn dn Xn1 Xn2 . . . Xnp

Alternative (ordered) data
layout:

Ordered
failure
times,
t(f )

# of
failures

mf

# censored in
[t(f ), t(fþ1)),

qf

Risk
set,

R(t(f ))

t(0) ¼ 0 m0 ¼ 0 q0 R(t(0))
t(1) m1 q1 R(t(1))
t(2) m2 q2 R(t(2))
" " " "
" " " "
" " " "
t(k) mk qk R(t(k))

Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.
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# at risk

nf

A table of ordered failure times is shown here
for each group. These tables provide the basic
information for the computation of KM curves.

Each table begins with a survival time of zero,
even though no subject actually failed at the
start of follow-up. The reason for the zero is
to allow for the possibility that some subjects
might have been censored before the earliest
failure time.

Also, each table contains a column denoted as
nf that gives the number of subjects in the risk
set at the start of the interval. Given that the
risk set is defined as the collection of indivi-
duals who have survived at least to time t(f),
it is assumed that nf includes those persons
failing at time t(f). In other words, nf counts
those subjects at risk for failing instanta-
neously prior to time t(f).

We now describe how to compute the KM
curve for the table for group 2. The computa-
tions for group 2 are quite straightforward
because there are no censored subjects for
this group.

The table of ordered failure times for group
2 is presented here again with the addition of
another column that contains survival proba-
bility estimates. These estimates are the KM
survival probabilities for this group. We will
discuss the computations of these probabilities
shortly.

EXAMPLE: (continued)

Ordered failure times:

Group 1 (treatment)

t(f) nf mf qf

0 21 0 0
6 21 3 1
7 17 1 1
10 15 1 2
13 12 1 0
16 11 1 3
22 7 1 0
23 6 1 5
>23 — — —

Group 2 (placebo)

t(f) nf mf qf

0 21 0 0
1 21 2 0
2 19 2 0
3 17 1 0
4 16 2 0
5 14 2 0
8 12 4 0
11 8 2 0
12 6 2 0
15 4 1 0
17 3 1 0
22 2 1 0
23 1 1 0

Group 2: no censored subjects
Group 2 (placebo)

t(f) nf mf qf Ŝ (t(f))

0 21 0 0 1
1 21 2 0 19/21 ¼ .90
2 19 2 0 17/21 ¼ .81
3 17 1 0 16/21 ¼ .76
4 16 2 0 14/21 ¼ .67
5 14 2 0 12/21 ¼ .57
8 12 4 0 8/21 ¼ .38

11 8 2 0 6/21 ¼ .29
12 6 2 0 4/21 ¼ .19
15 4 1 0 3/21 ¼ .14
17 3 1 0 2/21 ¼ .10
22 2 1 0 1/21 ¼ .05
23 1 1 0 0/21 ¼ .00
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At t=6 there are 3 failure events 
and 1 censoring event



II. An Example of
Kaplan-Meier Curves

The data for this example derive from a study
of the remission times in weeks for two groups
of leukemia patients, with 21 patients in each
group. Group 1 is the treatment group and
group 2 is the placebo group. The basic question
of interest concerns comparing the survival
experience of the two groups.

Of the 21 persons in group 1, 9 failed during the
study period and 12 were censored. In contrast,
none of the data in group 2 are censored; that
is, all 21 persons in the placebo group went out
of remission during the study period.

In Chapter 1, we observed for this data set that
group 1 appears to have better survival progno-
sis than group 2, suggesting that the treatment
is effective. This conclusion was supported by
descriptive statistics for the average survival
time and average hazard rate shown. Note,
however, that descriptive statistics provide
overall comparisons but do not compare the
two groups at different times of follow-up.

EXAMPLE

The data: remission times (weeks) for
two groups of leukemia patients

Group 1 (n ¼ 21)
treatment

Group 2 (n ¼ 21)
placebo

6, 6, 6, 7, 10, 1, 1, 2, 2, 3,
13, 16, 22, 23, 4, 4, 5, 5,
6þ, 9þ, 10þ, 11þ, 8, 8, 8, 8,
17þ, 19þ, 20þ, 11, 11, 12, 12,
25þ, 32þ, 32þ, 15, 17, 22, 23
34þ, 35þ,

Note: þ denotes censored

# failed # censored Total

Group 1 9 12 21
Group 2 21 0 21

Descriptive statistics:

!T1 ignoringþ 0sð Þ ¼ 17:1; !T2 ¼ 8:6

!h1 ¼ :025; !h2 ¼ :115;
!h2
!h1

¼ 4:6
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[Kleinbaum & Klein. Survival Analysis: A Self-Learning Text. Springer, 2005]

The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
smallest to largest. The second column gives
frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.

General Data Layout:

Indiv. # t d X1 X2 . . . Xp

1 t1 d1 X11 X12 . . . X1p

2 t2 d2 X21 X22 . . . X2p

" " " " "
" " " " "
" " " " "
n tn dn Xn1 Xn2 . . . Xnp

Alternative (ordered) data
layout:

Ordered
failure
times,
t(f )

# of
failures

mf

# censored in
[t(f ), t(fþ1)),

qf

Risk
set,

R(t(f ))

t(0) ¼ 0 m0 ¼ 0 q0 R(t(0))
t(1) m1 q1 R(t(1))
t(2) m2 q2 R(t(2))
" " " "
" " " "
" " " "
t(k) mk qk R(t(k))

Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.
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The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
smallest to largest. The second column gives
frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.

General Data Layout:

Indiv. # t d X1 X2 . . . Xp

1 t1 d1 X11 X12 . . . X1p

2 t2 d2 X21 X22 . . . X2p

" " " " "
" " " " "
" " " " "
n tn dn Xn1 Xn2 . . . Xnp
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layout:
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" " " "
t(k) mk qk R(t(k))

Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.
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# at risk

nf

A table of ordered failure times is shown here
for each group. These tables provide the basic
information for the computation of KM curves.

Each table begins with a survival time of zero,
even though no subject actually failed at the
start of follow-up. The reason for the zero is
to allow for the possibility that some subjects
might have been censored before the earliest
failure time.

Also, each table contains a column denoted as
nf that gives the number of subjects in the risk
set at the start of the interval. Given that the
risk set is defined as the collection of indivi-
duals who have survived at least to time t(f),
it is assumed that nf includes those persons
failing at time t(f). In other words, nf counts
those subjects at risk for failing instanta-
neously prior to time t(f).

We now describe how to compute the KM
curve for the table for group 2. The computa-
tions for group 2 are quite straightforward
because there are no censored subjects for
this group.

The table of ordered failure times for group
2 is presented here again with the addition of
another column that contains survival proba-
bility estimates. These estimates are the KM
survival probabilities for this group. We will
discuss the computations of these probabilities
shortly.

EXAMPLE: (continued)

Ordered failure times:

Group 1 (treatment)

t(f) nf mf qf

0 21 0 0
6 21 3 1
7 17 1 1
10 15 1 2
13 12 1 0
16 11 1 3
22 7 1 0
23 6 1 5
>23 — — —

Group 2 (placebo)

t(f) nf mf qf

0 21 0 0
1 21 2 0
2 19 2 0
3 17 1 0
4 16 2 0
5 14 2 0
8 12 4 0
11 8 2 0
12 6 2 0
15 4 1 0
17 3 1 0
22 2 1 0
23 1 1 0

Group 2: no censored subjects
Group 2 (placebo)

t(f) nf mf qf Ŝ (t(f))

0 21 0 0 1
1 21 2 0 19/21 ¼ .90
2 19 2 0 17/21 ¼ .81
3 17 1 0 16/21 ¼ .76
4 16 2 0 14/21 ¼ .67
5 14 2 0 12/21 ¼ .57
8 12 4 0 8/21 ¼ .38

11 8 2 0 6/21 ¼ .29
12 6 2 0 4/21 ¼ .19
15 4 1 0 3/21 ¼ .14
17 3 1 0 2/21 ¼ .10
22 2 1 0 1/21 ¼ .05
23 1 1 0 0/21 ¼ .00
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Beginning at t=7 there are 17 
subjects still in the study

Between t=7 and t=10 there is 1 
failure event and 1 censoring event



II. An Example of
Kaplan-Meier Curves

The data for this example derive from a study
of the remission times in weeks for two groups
of leukemia patients, with 21 patients in each
group. Group 1 is the treatment group and
group 2 is the placebo group. The basic question
of interest concerns comparing the survival
experience of the two groups.

Of the 21 persons in group 1, 9 failed during the
study period and 12 were censored. In contrast,
none of the data in group 2 are censored; that
is, all 21 persons in the placebo group went out
of remission during the study period.

In Chapter 1, we observed for this data set that
group 1 appears to have better survival progno-
sis than group 2, suggesting that the treatment
is effective. This conclusion was supported by
descriptive statistics for the average survival
time and average hazard rate shown. Note,
however, that descriptive statistics provide
overall comparisons but do not compare the
two groups at different times of follow-up.

EXAMPLE

The data: remission times (weeks) for
two groups of leukemia patients

Group 1 (n ¼ 21)
treatment

Group 2 (n ¼ 21)
placebo

6, 6, 6, 7, 10, 1, 1, 2, 2, 3,
13, 16, 22, 23, 4, 4, 5, 5,
6þ, 9þ, 10þ, 11þ, 8, 8, 8, 8,
17þ, 19þ, 20þ, 11, 11, 12, 12,
25þ, 32þ, 32þ, 15, 17, 22, 23
34þ, 35þ,

Note: þ denotes censored

# failed # censored Total

Group 1 9 12 21
Group 2 21 0 21

Descriptive statistics:

!T1 ignoringþ 0sð Þ ¼ 17:1; !T2 ¼ 8:6

!h1 ¼ :025; !h2 ¼ :115;
!h2
!h1

¼ 4:6
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The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
smallest to largest. The second column gives
frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.

General Data Layout:

Indiv. # t d X1 X2 . . . Xp

1 t1 d1 X11 X12 . . . X1p

2 t2 d2 X21 X22 . . . X2p

" " " " "
" " " " "
" " " " "
n tn dn Xn1 Xn2 . . . Xnp

Alternative (ordered) data
layout:

Ordered
failure
times,
t(f )

# of
failures

mf

# censored in
[t(f ), t(fþ1)),

qf

Risk
set,

R(t(f ))

t(0) ¼ 0 m0 ¼ 0 q0 R(t(0))
t(1) m1 q1 R(t(1))
t(2) m2 q2 R(t(2))
" " " "
" " " "
" " " "
t(k) mk qk R(t(k))

Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.

60 2. Kaplan-Meier Survival Curves and the Log-Rank Test

The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
smallest to largest. The second column gives
frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.

General Data Layout:

Indiv. # t d X1 X2 . . . Xp

1 t1 d1 X11 X12 . . . X1p

2 t2 d2 X21 X22 . . . X2p

" " " " "
" " " " "
" " " " "
n tn dn Xn1 Xn2 . . . Xnp

Alternative (ordered) data
layout:

Ordered
failure
times,
t(f )

# of
failures

mf

# censored in
[t(f ), t(fþ1)),

qf

Risk
set,

R(t(f ))

t(0) ¼ 0 m0 ¼ 0 q0 R(t(0))
t(1) m1 q1 R(t(1))
t(2) m2 q2 R(t(2))
" " " "
" " " "
" " " "
t(k) mk qk R(t(k))

Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.

60 2. Kaplan-Meier Survival Curves and the Log-Rank Test

The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
smallest to largest. The second column gives
frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.

General Data Layout:

Indiv. # t d X1 X2 . . . Xp

1 t1 d1 X11 X12 . . . X1p

2 t2 d2 X21 X22 . . . X2p

" " " " "
" " " " "
" " " " "
n tn dn Xn1 Xn2 . . . Xnp

Alternative (ordered) data
layout:

Ordered
failure
times,
t(f )

# of
failures

mf

# censored in
[t(f ), t(fþ1)),

qf

Risk
set,

R(t(f ))

t(0) ¼ 0 m0 ¼ 0 q0 R(t(0))
t(1) m1 q1 R(t(1))
t(2) m2 q2 R(t(2))
" " " "
" " " "
" " " "
t(k) mk qk R(t(k))

Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.

60 2. Kaplan-Meier Survival Curves and the Log-Rank Test

# at risk

nf

A table of ordered failure times is shown here
for each group. These tables provide the basic
information for the computation of KM curves.

Each table begins with a survival time of zero,
even though no subject actually failed at the
start of follow-up. The reason for the zero is
to allow for the possibility that some subjects
might have been censored before the earliest
failure time.

Also, each table contains a column denoted as
nf that gives the number of subjects in the risk
set at the start of the interval. Given that the
risk set is defined as the collection of indivi-
duals who have survived at least to time t(f),
it is assumed that nf includes those persons
failing at time t(f). In other words, nf counts
those subjects at risk for failing instanta-
neously prior to time t(f).

We now describe how to compute the KM
curve for the table for group 2. The computa-
tions for group 2 are quite straightforward
because there are no censored subjects for
this group.

The table of ordered failure times for group
2 is presented here again with the addition of
another column that contains survival proba-
bility estimates. These estimates are the KM
survival probabilities for this group. We will
discuss the computations of these probabilities
shortly.

EXAMPLE: (continued)

Ordered failure times:

Group 1 (treatment)

t(f) nf mf qf

0 21 0 0
6 21 3 1
7 17 1 1
10 15 1 2
13 12 1 0
16 11 1 3
22 7 1 0
23 6 1 5
>23 — — —

Group 2 (placebo)

t(f) nf mf qf

0 21 0 0
1 21 2 0
2 19 2 0
3 17 1 0
4 16 2 0
5 14 2 0
8 12 4 0
11 8 2 0
12 6 2 0
15 4 1 0
17 3 1 0
22 2 1 0
23 1 1 0

Group 2: no censored subjects
Group 2 (placebo)

t(f) nf mf qf Ŝ (t(f))

0 21 0 0 1
1 21 2 0 19/21 ¼ .90
2 19 2 0 17/21 ¼ .81
3 17 1 0 16/21 ¼ .76
4 16 2 0 14/21 ¼ .67
5 14 2 0 12/21 ¼ .57
8 12 4 0 8/21 ¼ .38

11 8 2 0 6/21 ¼ .29
12 6 2 0 4/21 ¼ .19
15 4 1 0 3/21 ¼ .14
17 3 1 0 2/21 ¼ .10
22 2 1 0 1/21 ¼ .05
23 1 1 0 0/21 ¼ .00
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What are nf, mf, and qf
for t(f)=13?



II. An Example of
Kaplan-Meier Curves

The data for this example derive from a study
of the remission times in weeks for two groups
of leukemia patients, with 21 patients in each
group. Group 1 is the treatment group and
group 2 is the placebo group. The basic question
of interest concerns comparing the survival
experience of the two groups.

Of the 21 persons in group 1, 9 failed during the
study period and 12 were censored. In contrast,
none of the data in group 2 are censored; that
is, all 21 persons in the placebo group went out
of remission during the study period.

In Chapter 1, we observed for this data set that
group 1 appears to have better survival progno-
sis than group 2, suggesting that the treatment
is effective. This conclusion was supported by
descriptive statistics for the average survival
time and average hazard rate shown. Note,
however, that descriptive statistics provide
overall comparisons but do not compare the
two groups at different times of follow-up.

EXAMPLE

The data: remission times (weeks) for
two groups of leukemia patients

Group 1 (n ¼ 21)
treatment

Group 2 (n ¼ 21)
placebo

6, 6, 6, 7, 10, 1, 1, 2, 2, 3,
13, 16, 22, 23, 4, 4, 5, 5,
6þ, 9þ, 10þ, 11þ, 8, 8, 8, 8,
17þ, 19þ, 20þ, 11, 11, 12, 12,
25þ, 32þ, 32þ, 15, 17, 22, 23
34þ, 35þ,

Note: þ denotes censored

# failed # censored Total

Group 1 9 12 21
Group 2 21 0 21

Descriptive statistics:

!T1 ignoringþ 0sð Þ ¼ 17:1; !T2 ¼ 8:6

!h1 ¼ :025; !h2 ¼ :115;
!h2
!h1

¼ 4:6
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The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
smallest to largest. The second column gives
frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.

General Data Layout:

Indiv. # t d X1 X2 . . . Xp

1 t1 d1 X11 X12 . . . X1p

2 t2 d2 X21 X22 . . . X2p

" " " " "
" " " " "
" " " " "
n tn dn Xn1 Xn2 . . . Xnp

Alternative (ordered) data
layout:

Ordered
failure
times,
t(f )

# of
failures

mf

# censored in
[t(f ), t(fþ1)),

qf

Risk
set,

R(t(f ))

t(0) ¼ 0 m0 ¼ 0 q0 R(t(0))
t(1) m1 q1 R(t(1))
t(2) m2 q2 R(t(2))
" " " "
" " " "
" " " "
t(k) mk qk R(t(k))

Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.
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A table of ordered failure times is shown here
for each group. These tables provide the basic
information for the computation of KM curves.

Each table begins with a survival time of zero,
even though no subject actually failed at the
start of follow-up. The reason for the zero is
to allow for the possibility that some subjects
might have been censored before the earliest
failure time.

Also, each table contains a column denoted as
nf that gives the number of subjects in the risk
set at the start of the interval. Given that the
risk set is defined as the collection of indivi-
duals who have survived at least to time t(f),
it is assumed that nf includes those persons
failing at time t(f). In other words, nf counts
those subjects at risk for failing instanta-
neously prior to time t(f).

We now describe how to compute the KM
curve for the table for group 2. The computa-
tions for group 2 are quite straightforward
because there are no censored subjects for
this group.

The table of ordered failure times for group
2 is presented here again with the addition of
another column that contains survival proba-
bility estimates. These estimates are the KM
survival probabilities for this group. We will
discuss the computations of these probabilities
shortly.
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II. An Example of
Kaplan-Meier Curves

The data for this example derive from a study
of the remission times in weeks for two groups
of leukemia patients, with 21 patients in each
group. Group 1 is the treatment group and
group 2 is the placebo group. The basic question
of interest concerns comparing the survival
experience of the two groups.

Of the 21 persons in group 1, 9 failed during the
study period and 12 were censored. In contrast,
none of the data in group 2 are censored; that
is, all 21 persons in the placebo group went out
of remission during the study period.

In Chapter 1, we observed for this data set that
group 1 appears to have better survival progno-
sis than group 2, suggesting that the treatment
is effective. This conclusion was supported by
descriptive statistics for the average survival
time and average hazard rate shown. Note,
however, that descriptive statistics provide
overall comparisons but do not compare the
two groups at different times of follow-up.

EXAMPLE

The data: remission times (weeks) for
two groups of leukemia patients

Group 1 (n ¼ 21)
treatment

Group 2 (n ¼ 21)
placebo

6, 6, 6, 7, 10, 1, 1, 2, 2, 3,
13, 16, 22, 23, 4, 4, 5, 5,
6þ, 9þ, 10þ, 11þ, 8, 8, 8, 8,
17þ, 19þ, 20þ, 11, 11, 12, 12,
25þ, 32þ, 32þ, 15, 17, 22, 23
34þ, 35þ,

Note: þ denotes censored

# failed # censored Total

Group 1 9 12 21
Group 2 21 0 21

Descriptive statistics:

!T1 ignoringþ 0sð Þ ¼ 17:1; !T2 ¼ 8:6

!h1 ¼ :025; !h2 ¼ :115;
!h2
!h1

¼ 4:6
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The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
smallest to largest. The second column gives
frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.

General Data Layout:

Indiv. # t d X1 X2 . . . Xp

1 t1 d1 X11 X12 . . . X1p

2 t2 d2 X21 X22 . . . X2p

" " " " "
" " " " "
" " " " "
n tn dn Xn1 Xn2 . . . Xnp

Alternative (ordered) data
layout:

Ordered
failure
times,
t(f )

# of
failures

mf

# censored in
[t(f ), t(fþ1)),

qf

Risk
set,

R(t(f ))

t(0) ¼ 0 m0 ¼ 0 q0 R(t(0))
t(1) m1 q1 R(t(1))
t(2) m2 q2 R(t(2))
" " " "
" " " "
" " " "
t(k) mk qk R(t(k))

Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.
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# at risk

nf

A table of ordered failure times is shown here
for each group. These tables provide the basic
information for the computation of KM curves.

Each table begins with a survival time of zero,
even though no subject actually failed at the
start of follow-up. The reason for the zero is
to allow for the possibility that some subjects
might have been censored before the earliest
failure time.

Also, each table contains a column denoted as
nf that gives the number of subjects in the risk
set at the start of the interval. Given that the
risk set is defined as the collection of indivi-
duals who have survived at least to time t(f),
it is assumed that nf includes those persons
failing at time t(f). In other words, nf counts
those subjects at risk for failing instanta-
neously prior to time t(f).

We now describe how to compute the KM
curve for the table for group 2. The computa-
tions for group 2 are quite straightforward
because there are no censored subjects for
this group.

The table of ordered failure times for group
2 is presented here again with the addition of
another column that contains survival proba-
bility estimates. These estimates are the KM
survival probabilities for this group. We will
discuss the computations of these probabilities
shortly.

EXAMPLE: (continued)

Ordered failure times:

Group 1 (treatment)

t(f) nf mf qf

0 21 0 0
6 21 3 1
7 17 1 1
10 15 1 2
13 12 1 0
16 11 1 3
22 7 1 0
23 6 1 5
>23 — — —

Group 2 (placebo)

t(f) nf mf qf

0 21 0 0
1 21 2 0
2 19 2 0
3 17 1 0
4 16 2 0
5 14 2 0
8 12 4 0
11 8 2 0
12 6 2 0
15 4 1 0
17 3 1 0
22 2 1 0
23 1 1 0

Group 2: no censored subjects
Group 2 (placebo)

t(f) nf mf qf Ŝ (t(f))

0 21 0 0 1
1 21 2 0 19/21 ¼ .90
2 19 2 0 17/21 ¼ .81
3 17 1 0 16/21 ¼ .76
4 16 2 0 14/21 ¼ .67
5 14 2 0 12/21 ¼ .57
8 12 4 0 8/21 ¼ .38

11 8 2 0 6/21 ¼ .29
12 6 2 0 4/21 ¼ .19
15 4 1 0 3/21 ¼ .14
17 3 1 0 2/21 ¼ .10
22 2 1 0 1/21 ¼ .05
23 1 1 0 0/21 ¼ .00

62 2. Kaplan-Meier Survival Curves and the Log-Rank Test
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# at risk

nf
The other survival estimates are calculated by
multiplying the estimate for the immediately
preceding failure time by a fraction. For exam-
ple, the fraction is 18/21 for surviving past
week 6, because 21 subjects remain up to
week 6 and 3 of these subjects fail to survive
past week 6. The fraction is 16/17 for surviving
past week 7, because 17 people remain up to
week 7 and 1 of these fails to survive pastweek 7.
The other fractions are calculated similarly.

For a specified failure time t(f), the fractionmay
be generally expressed as the conditional prob-
ability of surviving past time t(f), given avail-
ability (i.e., in the risk set) at time t(f). This
is exactly the same formula that we previously
used to calculate each product term in the pro-
duct limit formula used for the group 2 data.

Note that a subject might not be available at
time t(f) for one of two reasons: (1) either the
subject has failed prior to t(f), or (2) the subject
has been censored prior to t(f). Group 1 has
censored observations, whereas group 2 does
not. Thus, for group 1, censored observations
have to be taken into account when determin-
ing the number available at t(f).

Plots of the KM curves for groups 1 and 2 are
shown here on the same graph. Notice that the
KM curve for group 1 is consistently higher
than the KM curve for group 2. These figures
indicate that group 1, which is the treatment
group, has better survival prognosis than group
2, the placebo group. Moreover, as the number
of weeks increases, the two curves appear to get
farther apart, suggesting that the beneficial
effects of the treatment over the placebo are
greater the longer one stays in remission.

The KM plots shown above can be easily
obtained from most computer packages that
perform survival analysis, including SAS, Stata,
SPSS, and R. All the user needs to do is provide
a KM computer program with the basic data
layout and then provide appropriate commands
to obtain plots.

EXAMPLE: (continued)

Group 1 (treatment)

t(f) nf mf qf Ŝ (t(f))

0 21 0 0 1

6 21 3 1 1! 18
21

¼ :8571

7 17 1 1 :8571! 16
17

¼ :8067

10 15 1 2 :8067! 14

15
¼ :7529

13 12 1 0 :7529! 11

12
¼ :6902

16 11 1 3 :6902! 10

11
¼ :6275

22 7 1 0 :6275! 6

7
¼ :5378

23 6 1 5 :5378! 5

6
¼ :4482

Fraction at t(f ): Pr(T > t(f ) | T # t(f ))

Not available at t( f ): failed prior to t( f )
or
censored prior to t( f )

group 1 only

KM  Plots for Remission Data

Group 1 (treatment)

Group 2 (placebo)

0

1

0.8

0.6

0.4

0.2

0
8 16 24 32

Obtain KM plots from
computer package, e.g., SAS,

Stata,
SPSS
R
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Ŝ(t(f)) = Ŝ(t(f�1))⇥ P̂ r(T > t(f) | T � t(f))

Pr(surviving to time t) = Pr(surviving to time t-1) 
x Pr(surviving to time t | survived to time t-1)



[Kleinbaum & Klein. Survival Analysis: A Self-Learning Text. Springer, 2005]
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that indicates censorship status. The remain-
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duals who have survived at least to time t(f).
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person up to the time of censorship, rather
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ability (i.e., in the risk set) at time t(f). This
is exactly the same formula that we previously
used to calculate each product term in the pro-
duct limit formula used for the group 2 data.

Note that a subject might not be available at
time t(f) for one of two reasons: (1) either the
subject has failed prior to t(f), or (2) the subject
has been censored prior to t(f). Group 1 has
censored observations, whereas group 2 does
not. Thus, for group 1, censored observations
have to be taken into account when determin-
ing the number available at t(f).

Plots of the KM curves for groups 1 and 2 are
shown here on the same graph. Notice that the
KM curve for group 1 is consistently higher
than the KM curve for group 2. These figures
indicate that group 1, which is the treatment
group, has better survival prognosis than group
2, the placebo group. Moreover, as the number
of weeks increases, the two curves appear to get
farther apart, suggesting that the beneficial
effects of the treatment over the placebo are
greater the longer one stays in remission.

The KM plots shown above can be easily
obtained from most computer packages that
perform survival analysis, including SAS, Stata,
SPSS, and R. All the user needs to do is provide
a KM computer program with the basic data
layout and then provide appropriate commands
to obtain plots.
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The general data layout for a survival analysis
is given by the table shown here. The first col-
umn of the table identifies the study subjects.
The second column gives the observed survival
time information. The third column gives the
information for d, the dichotomous variable
that indicates censorship status. The remain-
der of the information in the table gives values
for explanatory variables of interest.

An alternative data layout is shown here. This
layout is the basis upon which Kaplan-Meier
survival curves are derived. The first column
in the table gives ordered survival times from
smallest to largest. The second column gives
frequency counts of failures at each distinct fail-
ure time. The third column gives frequency
counts, denoted by qf, of those persons censored
in the time interval starting with failure time t(f)
up to but not including the next failure time,
denoted by t(fþ1). The last column gives the
risk set, which denotes the collection of indivi-
duals who have survived at least to time t(f).

To estimate the survival probability at a given
time, we make use of the risk set at that time to
include the information we have on a censored
person up to the time of censorship, rather
than simply throw away all the information
on a censored person.

The actual computation of such a survival
probability can be carried out using the
Kaplan-Meier (KM) method. We introduce the
KM method in the next section by way of an
example.

General Data Layout:

Indiv. # t d X1 X2 . . . Xp

1 t1 d1 X11 X12 . . . X1p

2 t2 d2 X21 X22 . . . X2p

" " " " "
" " " " "
" " " " "
n tn dn Xn1 Xn2 . . . Xnp

Alternative (ordered) data
layout:

Ordered
failure
times,
t(f )

# of
failures

mf

# censored in
[t(f ), t(fþ1)),

qf

Risk
set,

R(t(f ))

t(0) ¼ 0 m0 ¼ 0 q0 R(t(0))
t(1) m1 q1 R(t(1))
t(2) m2 q2 R(t(2))
" " " "
" " " "
" " " "
t(k) mk qk R(t(k))

Table of ordered failures:

$ Uses all information up to time
of censorship;

$ S(t) is derived from R(t).

Survival probability:
Use Kaplan-Meier (KM)
method.
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The other survival estimates are calculated by
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preceding failure time by a fraction. For exam-
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week 6 and 3 of these subjects fail to survive
past week 6. The fraction is 16/17 for surviving
past week 7, because 17 people remain up to
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ability (i.e., in the risk set) at time t(f). This
is exactly the same formula that we previously
used to calculate each product term in the pro-
duct limit formula used for the group 2 data.

Note that a subject might not be available at
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has been censored prior to t(f). Group 1 has
censored observations, whereas group 2 does
not. Thus, for group 1, censored observations
have to be taken into account when determin-
ing the number available at t(f).

Plots of the KM curves for groups 1 and 2 are
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than the KM curve for group 2. These figures
indicate that group 1, which is the treatment
group, has better survival prognosis than group
2, the placebo group. Moreover, as the number
of weeks increases, the two curves appear to get
farther apart, suggesting that the beneficial
effects of the treatment over the placebo are
greater the longer one stays in remission.
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The other survival estimates are calculated by
multiplying the estimate for the immediately
preceding failure time by a fraction. For exam-
ple, the fraction is 18/21 for surviving past
week 6, because 21 subjects remain up to
week 6 and 3 of these subjects fail to survive
past week 6. The fraction is 16/17 for surviving
past week 7, because 17 people remain up to
week 7 and 1 of these fails to survive pastweek 7.
The other fractions are calculated similarly.

For a specified failure time t(f), the fractionmay
be generally expressed as the conditional prob-
ability of surviving past time t(f), given avail-
ability (i.e., in the risk set) at time t(f). This
is exactly the same formula that we previously
used to calculate each product term in the pro-
duct limit formula used for the group 2 data.

Note that a subject might not be available at
time t(f) for one of two reasons: (1) either the
subject has failed prior to t(f), or (2) the subject
has been censored prior to t(f). Group 1 has
censored observations, whereas group 2 does
not. Thus, for group 1, censored observations
have to be taken into account when determin-
ing the number available at t(f).

Plots of the KM curves for groups 1 and 2 are
shown here on the same graph. Notice that the
KM curve for group 1 is consistently higher
than the KM curve for group 2. These figures
indicate that group 1, which is the treatment
group, has better survival prognosis than group
2, the placebo group. Moreover, as the number
of weeks increases, the two curves appear to get
farther apart, suggesting that the beneficial
effects of the treatment over the placebo are
greater the longer one stays in remission.

The KM plots shown above can be easily
obtained from most computer packages that
perform survival analysis, including SAS, Stata,
SPSS, and R. All the user needs to do is provide
a KM computer program with the basic data
layout and then provide appropriate commands
to obtain plots.

EXAMPLE: (continued)

Group 1 (treatment)

t(f) nf mf qf Ŝ (t(f))

0 21 0 0 1

6 21 3 1 1! 18
21

¼ :8571

7 17 1 1 :8571! 16
17

¼ :8067

10 15 1 2 :8067! 14

15
¼ :7529

13 12 1 0 :7529! 11

12
¼ :6902

16 11 1 3 :6902! 10

11
¼ :6275

22 7 1 0 :6275! 6

7
¼ :5378

23 6 1 5 :5378! 5

6
¼ :4482

Fraction at t(f ): Pr(T > t(f ) | T # t(f ))

Not available at t( f ): failed prior to t( f )
or
censored prior to t( f )

group 1 only

KM  Plots for Remission Data
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Group 2 (placebo)
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Pr(surviving to time t) = Pr(surviving to time t-1) 
x Pr(surviving to time t | survived to time t-1)

Kaplan-Meier curve
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7
¼ :5378

23 6 1 5 :5378! 5

6
¼ :4482

Fraction at t(f ): Pr(T > t(f ) | T # t(f ))
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or
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The other survival estimates are calculated by
multiplying the estimate for the immediately
preceding failure time by a fraction. For exam-
ple, the fraction is 18/21 for surviving past
week 6, because 21 subjects remain up to
week 6 and 3 of these subjects fail to survive
past week 6. The fraction is 16/17 for surviving
past week 7, because 17 people remain up to
week 7 and 1 of these fails to survive pastweek 7.
The other fractions are calculated similarly.

For a specified failure time t(f), the fractionmay
be generally expressed as the conditional prob-
ability of surviving past time t(f), given avail-
ability (i.e., in the risk set) at time t(f). This
is exactly the same formula that we previously
used to calculate each product term in the pro-
duct limit formula used for the group 2 data.

Note that a subject might not be available at
time t(f) for one of two reasons: (1) either the
subject has failed prior to t(f), or (2) the subject
has been censored prior to t(f). Group 1 has
censored observations, whereas group 2 does
not. Thus, for group 1, censored observations
have to be taken into account when determin-
ing the number available at t(f).

Plots of the KM curves for groups 1 and 2 are
shown here on the same graph. Notice that the
KM curve for group 1 is consistently higher
than the KM curve for group 2. These figures
indicate that group 1, which is the treatment
group, has better survival prognosis than group
2, the placebo group. Moreover, as the number
of weeks increases, the two curves appear to get
farther apart, suggesting that the beneficial
effects of the treatment over the placebo are
greater the longer one stays in remission.

The KM plots shown above can be easily
obtained from most computer packages that
perform survival analysis, including SAS, Stata,
SPSS, and R. All the user needs to do is provide
a KM computer program with the basic data
layout and then provide appropriate commands
to obtain plots.

EXAMPLE: (continued)

Group 1 (treatment)

t(f) nf mf qf Ŝ (t(f))

0 21 0 0 1

6 21 3 1 1! 18
21

¼ :8571

7 17 1 1 :8571! 16
17
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10 15 1 2 :8067! 14

15
¼ :7529

13 12 1 0 :7529! 11

12
¼ :6902

16 11 1 3 :6902! 10

11
¼ :6275

22 7 1 0 :6275! 6

7
¼ :5378

23 6 1 5 :5378! 5

6
¼ :4482

Fraction at t(f ): Pr(T > t(f ) | T # t(f ))

Not available at t( f ): failed prior to t( f )
or
censored prior to t( f )

group 1 only
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The other survival estimates are calculated by
multiplying the estimate for the immediately
preceding failure time by a fraction. For exam-
ple, the fraction is 18/21 for surviving past
week 6, because 21 subjects remain up to
week 6 and 3 of these subjects fail to survive
past week 6. The fraction is 16/17 for surviving
past week 7, because 17 people remain up to
week 7 and 1 of these fails to survive pastweek 7.
The other fractions are calculated similarly.

For a specified failure time t(f), the fractionmay
be generally expressed as the conditional prob-
ability of surviving past time t(f), given avail-
ability (i.e., in the risk set) at time t(f). This
is exactly the same formula that we previously
used to calculate each product term in the pro-
duct limit formula used for the group 2 data.

Note that a subject might not be available at
time t(f) for one of two reasons: (1) either the
subject has failed prior to t(f), or (2) the subject
has been censored prior to t(f). Group 1 has
censored observations, whereas group 2 does
not. Thus, for group 1, censored observations
have to be taken into account when determin-
ing the number available at t(f).

Plots of the KM curves for groups 1 and 2 are
shown here on the same graph. Notice that the
KM curve for group 1 is consistently higher
than the KM curve for group 2. These figures
indicate that group 1, which is the treatment
group, has better survival prognosis than group
2, the placebo group. Moreover, as the number
of weeks increases, the two curves appear to get
farther apart, suggesting that the beneficial
effects of the treatment over the placebo are
greater the longer one stays in remission.

The KM plots shown above can be easily
obtained from most computer packages that
perform survival analysis, including SAS, Stata,
SPSS, and R. All the user needs to do is provide
a KM computer program with the basic data
layout and then provide appropriate commands
to obtain plots.

EXAMPLE: (continued)

Group 1 (treatment)

t(f) nf mf qf Ŝ (t(f))

0 21 0 0 1
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Not available at t( f ): failed prior to t( f )
or
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The other survival estimates are calculated by
multiplying the estimate for the immediately
preceding failure time by a fraction. For exam-
ple, the fraction is 18/21 for surviving past
week 6, because 21 subjects remain up to
week 6 and 3 of these subjects fail to survive
past week 6. The fraction is 16/17 for surviving
past week 7, because 17 people remain up to
week 7 and 1 of these fails to survive pastweek 7.
The other fractions are calculated similarly.

For a specified failure time t(f), the fractionmay
be generally expressed as the conditional prob-
ability of surviving past time t(f), given avail-
ability (i.e., in the risk set) at time t(f). This
is exactly the same formula that we previously
used to calculate each product term in the pro-
duct limit formula used for the group 2 data.

Note that a subject might not be available at
time t(f) for one of two reasons: (1) either the
subject has failed prior to t(f), or (2) the subject
has been censored prior to t(f). Group 1 has
censored observations, whereas group 2 does
not. Thus, for group 1, censored observations
have to be taken into account when determin-
ing the number available at t(f).

Plots of the KM curves for groups 1 and 2 are
shown here on the same graph. Notice that the
KM curve for group 1 is consistently higher
than the KM curve for group 2. These figures
indicate that group 1, which is the treatment
group, has better survival prognosis than group
2, the placebo group. Moreover, as the number
of weeks increases, the two curves appear to get
farther apart, suggesting that the beneficial
effects of the treatment over the placebo are
greater the longer one stays in remission.

The KM plots shown above can be easily
obtained from most computer packages that
perform survival analysis, including SAS, Stata,
SPSS, and R. All the user needs to do is provide
a KM computer program with the basic data
layout and then provide appropriate commands
to obtain plots.

EXAMPLE: (continued)

Group 1 (treatment)

t(f) nf mf qf Ŝ (t(f))

0 21 0 0 1

6 21 3 1 1! 18
21 ¼ :8571

7 17 1 1 :8571! 16
17 ¼ :8067

10 15 1 2 :8067!
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15 ¼ :7529

13 12 1 0 :7529!
11

12
¼ :6902

16 11 1 3 :6902!
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22 7 1 0 :6275!
6

7 ¼ :5378

23 6 1 5 :5378!
5
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Not available at t( f ): failed prior to t( f )
or
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group 1 only
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The other survival estimates are calculated by
multiplying the estimate for the immediately
preceding failure time by a fraction. For exam-
ple, the fraction is 18/21 for surviving past
week 6, because 21 subjects remain up to
week 6 and 3 of these subjects fail to survive
past week 6. The fraction is 16/17 for surviving
past week 7, because 17 people remain up to
week 7 and 1 of these fails to survive pastweek 7.
The other fractions are calculated similarly.

For a specified failure time t(f), the fractionmay
be generally expressed as the conditional prob-
ability of surviving past time t(f), given avail-
ability (i.e., in the risk set) at time t(f). This
is exactly the same formula that we previously
used to calculate each product term in the pro-
duct limit formula used for the group 2 data.

Note that a subject might not be available at
time t(f) for one of two reasons: (1) either the
subject has failed prior to t(f), or (2) the subject
has been censored prior to t(f). Group 1 has
censored observations, whereas group 2 does
not. Thus, for group 1, censored observations
have to be taken into account when determin-
ing the number available at t(f).

Plots of the KM curves for groups 1 and 2 are
shown here on the same graph. Notice that the
KM curve for group 1 is consistently higher
than the KM curve for group 2. These figures
indicate that group 1, which is the treatment
group, has better survival prognosis than group
2, the placebo group. Moreover, as the number
of weeks increases, the two curves appear to get
farther apart, suggesting that the beneficial
effects of the treatment over the placebo are
greater the longer one stays in remission.

The KM plots shown above can be easily
obtained from most computer packages that
perform survival analysis, including SAS, Stata,
SPSS, and R. All the user needs to do is provide
a KM computer program with the basic data
layout and then provide appropriate commands
to obtain plots.

EXAMPLE: (continued)

Group 1 (treatment)

t(f) nf mf qf Ŝ (t(f))

0 21 0 0 1

6 21 3 1 1! 18
21

¼ :8571

7 17 1 1 :8571! 16
17

¼ :8067

10 15 1 2 :8067! 14

15
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The other survival estimates are calculated by
multiplying the estimate for the immediately
preceding failure time by a fraction. For exam-
ple, the fraction is 18/21 for surviving past
week 6, because 21 subjects remain up to
week 6 and 3 of these subjects fail to survive
past week 6. The fraction is 16/17 for surviving
past week 7, because 17 people remain up to
week 7 and 1 of these fails to survive pastweek 7.
The other fractions are calculated similarly.

For a specified failure time t(f), the fractionmay
be generally expressed as the conditional prob-
ability of surviving past time t(f), given avail-
ability (i.e., in the risk set) at time t(f). This
is exactly the same formula that we previously
used to calculate each product term in the pro-
duct limit formula used for the group 2 data.

Note that a subject might not be available at
time t(f) for one of two reasons: (1) either the
subject has failed prior to t(f), or (2) the subject
has been censored prior to t(f). Group 1 has
censored observations, whereas group 2 does
not. Thus, for group 1, censored observations
have to be taken into account when determin-
ing the number available at t(f).

Plots of the KM curves for groups 1 and 2 are
shown here on the same graph. Notice that the
KM curve for group 1 is consistently higher
than the KM curve for group 2. These figures
indicate that group 1, which is the treatment
group, has better survival prognosis than group
2, the placebo group. Moreover, as the number
of weeks increases, the two curves appear to get
farther apart, suggesting that the beneficial
effects of the treatment over the placebo are
greater the longer one stays in remission.

The KM plots shown above can be easily
obtained from most computer packages that
perform survival analysis, including SAS, Stata,
SPSS, and R. All the user needs to do is provide
a KM computer program with the basic data
layout and then provide appropriate commands
to obtain plots.

EXAMPLE: (continued)

Group 1 (treatment)

t(f) nf mf qf Ŝ (t(f))

0 21 0 0 1

6 21 3 1 1! 18
21

¼ :8571

7 17 1 1 :8571! 16
17

¼ :8067

10 15 1 2 :8067! 14

15
¼ :7529

13 12 1 0 :7529! 11

12
¼ :6902

16 11 1 3 :6902! 10

11
¼ :6275

22 7 1 0 :6275! 6

7
¼ :5378

23 6 1 5 :5378! 5

6
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Fraction at t(f ): Pr(T > t(f ) | T # t(f ))

Not available at t( f ): failed prior to t( f )
or
censored prior to t( f )

group 1 only
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Kaplan-Meier estimator of survival 
function S(t)=P(T > t)

• Example of a non-parametric method; good for 
unconditional density estimation

[Figure credit: Rebecca Boiarsky]

Time t

Survival 
probability, 

S(t)

x=0 x=1 How do we compute 
confidence intervals for 
KM curves?
! Use Greenwood’s 

formula (see Ch. 2, VII, 
pgs 78-79)

Are these two curves 
statistically significantly 
different?
! Use log-rank test (see 

Ch. 2, IV, pgs 67-73)

[Kleinbaum & Klein. Survival Analysis: A 
Self-Learning Text. Springer, 2005]



Relationship between probability 
density, hazard, and survival functions

The second graph shows a hazard function that
is increasing over time. An example of this kind
of graph is called an increasing Weibull
model. Such a graph might be expected for
leukemia patients not responding to treatment,
where the event of interest is death. As survival
time increases for such a patient, and as the
prognosis accordingly worsens, the patient’s
potential for dying of the disease also increases.

In the third graph, the hazard function is
decreasing over time. An example of this kind
of graph is called a decreasing Weibull. Such
a graph might be expected when the event
is death in persons who are recovering from
surgery, because the potential for dying after
surgery usually decreases as the time after sur-
gery increases.

The fourth graph given shows a hazard func-
tion that is first increasing and then decreas-
ing. An example of this type of graph is the
lognormal survival model. We can expect
such a graph for tuberculosis patients, since
their potential for dying increases early in the
disease and decreases later.

Of the two functions we have considered, S(t)
and h(t), the survivor function is more natu-
rally appealing for analysis of survival data,
simply because S(t) directly describes the sur-
vival experience of a study cohort.

However, the hazard function is also of interest
for the following reasons:

! it is a measure of instantaneous potential
whereas a survival curve is a cumulative
measure over time;

! it may be used to identify a specific model
form, such as an exponential, a Weibull, or
a lognormal curve that fits one’s data;

! it is the vehicle by which mathematical
modeling of survival data is carried out;
that is, the survival model is usually written
in terms of the hazard function.

EXAMPLE: (continued)

t

Weibull

t

Weibull

t

lognormal

h(t) for leukemia
patients

h(t) for Persons
recovering from
surgery

h(t) for TB
patients

2

3

4

S(t): directly describes survival
h(t): ! a measure of

instantaneous potential
! identify specific model

form
! math model for survival

analysis

14 1. Introduction to Survival Analysis

When we take the limit of the right-side expres-
sion as the time interval approaches zero, we
are essentially getting an expression for the
instantaneous probability of failing at time t
per unit time. Another way of saying this is
that the conditional failure rate or hazard func-
tion h(t) gives the instantaneous potential for
failing at time t per unit time, given survival up
to time t.

As with a survivor function, the hazard func-
tion h(t) can be graphed as t ranges over vari-
ous values. The graph at the left illustrates
three different hazards. In contrast to a survi-
vor function, the graph of h(t) does not have to
start at 1 and go down to zero, but rather can
start anywhere and go up and down in any
direction over time. In particular, for a speci-
fied value of t, the hazard function h(t) has the
following characteristics:

! it is always nonnegative, that is, equal to or
greater than zero;

! it has no upper bound.

These two features follow from the ratio
expression in the formula for h(t), because
both the probability in the numerator and the
Dt in the denominator are nonnegative, and
since Dt can range between 0 and 1.

Now we show some graphs of different types of
hazard functions. The first graph given shows a
constant hazard for a study of healthy persons.
In this graph, no matter what value of t is spe-
cified, h(t) equals the same value—in this exam-
ple, l. Note that for a person who continues
to be healthy throughout the study period, his/
her instantaneous potential for becoming ill
at any time during the period remains constant
throughout the follow-up period. When the
hazard function is constant, we say that the
survival model is exponential. This term fol-
lows from the relationship between the survivor
function and the hazard function. We will
return to this relationship later.

h(t) = P(t£ T < t +∆ t | T ≥ t) lim
∆t→0 ∆ t

Gives
instantaneous
potential

h(t)

0 t

Hazrd functions

! h(t) " 0
! h(t) has no upper bound

EXAMPLE

t

h(t) for healthy
persons λ

Constant hazard
(exponential model)

1
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[Kleinbaum & Klein. Survival Analysis: A Self-
Learning Text. Springer, 2005]

h(t) = � if and only if

S(t) = e��t

Recall S(t) =

Z 1

u=t
f(u)du

h(t) =
�d[S(t)]/dt

S(t)

The hazard function h(t) is:



Commonly used parametric survival 
models2.1 Hazard and Survival Function 11

Table 2.1 Useful parametric distributions for survival analysis
Distribution Hazard rate λ(t) Survival function

S(t)
Density function f (t)

Exponential (λ > 0) λ exp(−λt) λ exp(−λt)

Weibull (λ,φ > 0) λφtφ−1 exp(−λtφ) λφtφ−1 exp(−λtφ)

Log-normal
(σ > 0,µ ∈ R)

f (t)/S(t) 1 − !{(lnt − µ)/σ} ϕ{(lnt − µ)/σ}(σt)−1

Log-logistic
(λ > 0,φ > 0)

(λφtφ−1)/(1+ λtφ) 1/(1+ λtφ) (λφtφ−1)/(1+ λtφ)2

Gamma (λ,φ > 0) f (t)/S(t) 1 − I (λt,φ) {λφ/"(φ)}tφ−1 exp(−λt)

Gompertz
(λ,φ > 0)

λeφt exp{ λ
φ (1 − eφt )} λeφt exp{ λ

φ (1 − eφt )}

!(·) [ϕ(·)], c.d.f [p.d.f.] of N(0,1); I (x,φ) = 1
"(φ)

∫ x
0 uφ−1e−udu, incomplete gamma function

we have
f (t) = λφtφ−1 exp(−λtφ) t ≥ 0.

Note that
log{− log S(t)} = logλ + φ log t,

which is used for checking the Weibull model.
Table2.1 summarizes useful parametric distributions including exponential,

Weibull, log-normal, log-logistic, gamma, and Gompertz. These parametric distribu-
tions have been implemented in the survreg() function in the R package survival
as we see in Sect. 2.4.

Percentile of Distribution

Inmany applications, the percentile of a failure time distribution is of interest, e.g., the
median survival time. The 100pth percentile (or the pth quantile) of the distribution
of T is the value tp satisfying

P(T ≤ tp) = p ∈ (0, 1),

which is equivalent to S(tp) = 1 − p. That is, tp = F−1(p) indicates the time point
to which the 100p% of population will fail; in particular, the median survival time
t0.5 is the median of distribution of T . For example, tp = − log(1 − p)/λ for an
exponential distribution and tp = {− log(1 − p)/λ}1/φ for a Weibull distribution.

2.1.2 Nonparametric Estimation of Basic Quantities

In survival analysis, parametricmethods based on distributions in Table2.1 have been
well developed and would provide efficient results when the parametric assumptions

[Ha, Jeong, Lee. Statistical Modeling of Survival Data with Random Effects. Springer 2017]

h(t)

We obtain conditional models 𝑓 𝑡 𝒙; 𝛽 by letting, e.g., 𝜆 = exp(𝜷 ⋅ 𝒙)



Likelihood function

An alternative approach is to model the shape
parameter in terms of predictor variables and
regression coefficients. In the Weibull model
shown on the left, both l and p are modeled
as functions of treatment status (TRT). If d1 is
not equal to zero, then the value of p differs by
TRT. For that situation, the PH (and thus the
AFT) assumption is violated because tp!1 will
not cancel in the hazard ratio for TRT (see
Practice Exercises 15 to 17).

Choosing the most appropriate parametric
model can be difficult. We have provided
graphical approaches for evaluating the appro-
priateness of the exponential, Weibull, and log-
logistic models. Akaike’s information crite-
rion (AIC) provides an approach for compar-
ing the fit of models with different underlying
distributions, making use of the !2 log likeli-
hood statistic (described in Practice Exercises
11 and 14).

X. The Parametric
Likelihood

The likelihood for any parametric model is
a function of the observed data and the
model’s unknown parameters. The form of the
likelihood is based on the probability density
function f(t) of the outcome variable. A compli-
cation of survival data is the possible inclusion
of censored observations (i.e., observations
in which the exact time of the outcome is
unobserved). We consider three types of
censored observations: right-censored, left-
censored, and interval-censored.

Right-censored. Suppose a subject is lost to
follow-up after 10 years of observation. The
time of event is not observed because it hap-
pened after the 10th year. This subject is right-
censoredat 10 years because the eventhappened
to the right of 10 on the time line (i.e., t > 10).

Left-censored. Suppose a subject had an event
before the 10th year but the exact time of the
event is unknown. This subject is left-censored
at 10 years (i.e., t < 10).

Interval-censored. Suppose a subject had an
event between the 8th and 10th year (exact
time unknown). This subject is interval-
censored (i.e., 8 < t < 10).

Alternative Weibull model
models the ancillary parameter p

h(t) ¼ lptp!1

where l ¼ exp(b0 þ b1 TRT)
p ¼ exp(d0 þ d1 TRT)

Not a PH or AFT model if d1 6¼ 0
but still a Weibull model

Choosing appropriate model

$ Evaluate graphically
○ Exponential
○ Weibull
○ Log-logistic

$ Akaike’s information criterion
○ Compares model fit
○ Uses !2 log likelihood

$ Function of observed data and
unknown parameters

$ Based on outcome distribution
f(t)

$ Censoring complicates survival
data
○ Right-censored
○ Left-censored
○ Interval-censored

Examples of Censored Subjects
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Examples of Censored Subjects:

The table on the left illustrates how the likeli-
hood is formulated for data on five subjects.
We assume a probability density function f(t)
for the outcome. Barry gets the event at time
t ¼ 2. His contribution to the likelihood is f(2).
Gary is right-censored at t ¼ 8. The probability
that Gary gets the event after t ¼ 8 is found by
integrating f(t) from 8 to infinity. This is Gary’s
contribution to the likelihood. Harry gets the
event at time t ¼ 6. His contribution to the
likelihood is f(6). Carrie is left-censored at t ¼
2. Her contribution to the likelihood is
obtained by integrating f(t) from zero to 2.
Finally, Larry is interval-censored between t ¼
4 and t¼ 8. His contribution to the likelihood is
found by integrating f(t) from 4 to 8.

The full likelihood (L) is found by taking the
product of each subject’s independent contri-
bution to the likelihood. The likelihood for this
example is shown on the left.

The formulation of this likelihood uses the
assumption of no competing risks. In other
words, we assume that no competing event
will prohibit any subject from eventually get-
ting the event of interest (see Chapter 9). Death
from all causes is the classic example of an
outcome that in reality has no competing risk.
For other outcomes, the no competing risk
assumption is more of a theoretical construct.

Another assumption is that individual contri-
butions to the likelihood are independent. This
assumption allows the full likelihood to be for-
mulated as the product of each individual’s
contribution.

Formulating the Likelihood

Barry, Gary, Larry, . . ., Outcome
Distribution f(t)

Subject

Event

Time

Likelihood

Contribution

Barry t ¼ 2 f(2)

Gary t > 8

(right-censored)

R1

8

f ðtÞdt

Harry t ¼ 6 f(6)

Carrie t < 2

(left-censored)

R2

0

f ðtÞdt

Larry 4 < t < 8

(interval-censored)

R8

4

f ðtÞdt

Likelihood (L)

Product of individual contributions

L ¼ f ð2Þx
Z1

8

f ðtÞdt$ f ð6Þ

$
Z 2

0

f ðtÞdt$
Z 8

0

f ðtÞdt

(Barry $ Gary $ Harry
$ Carrie $ Larry)

Assumptions for formulating L

% No competing risks
○ Competing event does not

prohibit event of interest
○ Death of all causes is classic

example of no competing
risk

% Subjects independent
○ Allows L to be formulated as

product of subjects’
contributions
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The table on the left illustrates how the likeli-
hood is formulated for data on five subjects.
We assume a probability density function f(t)
for the outcome. Barry gets the event at time
t ¼ 2. His contribution to the likelihood is f(2).
Gary is right-censored at t ¼ 8. The probability
that Gary gets the event after t ¼ 8 is found by
integrating f(t) from 8 to infinity. This is Gary’s
contribution to the likelihood. Harry gets the
event at time t ¼ 6. His contribution to the
likelihood is f(6). Carrie is left-censored at t ¼
2. Her contribution to the likelihood is
obtained by integrating f(t) from zero to 2.
Finally, Larry is interval-censored between t ¼
4 and t¼ 8. His contribution to the likelihood is
found by integrating f(t) from 4 to 8.

The full likelihood (L) is found by taking the
product of each subject’s independent contri-
bution to the likelihood. The likelihood for this
example is shown on the left.

The formulation of this likelihood uses the
assumption of no competing risks. In other
words, we assume that no competing event
will prohibit any subject from eventually get-
ting the event of interest (see Chapter 9). Death
from all causes is the classic example of an
outcome that in reality has no competing risk.
For other outcomes, the no competing risk
assumption is more of a theoretical construct.

Another assumption is that individual contri-
butions to the likelihood are independent. This
assumption allows the full likelihood to be for-
mulated as the product of each individual’s
contribution.

Formulating the Likelihood

Barry, Gary, Larry, . . ., Outcome
Distribution f(t)

Subject

Event

Time

Likelihood

Contribution

Barry t ¼ 2 f(2)

Gary t > 8

(right-censored)

R1

8

f ðtÞdt

Harry t ¼ 6 f(6)

Carrie t < 2

(left-censored)

R2

0

f ðtÞdt

Larry 4 < t < 8

(interval-censored)

R8

4

f ðtÞdt

Likelihood (L)

Product of individual contributions

L ¼ f ð2Þx
Z1

8

f ðtÞdt$ f ð6Þ

$
Z 2

0

f ðtÞdt$
Z 8

0

f ðtÞdt

(Barry $ Gary $ Harry
$ Carrie $ Larry)

Assumptions for formulating L

% No competing risks
○ Competing event does not

prohibit event of interest
○ Death of all causes is classic

example of no competing
risk

% Subjects independent
○ Allows L to be formulated as

product of subjects’
contributions
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Likelihood of 
observations:

[Kleinbaum & Klein. Survival Analysis: A Self-Learning Text. Springer, 2005]

For right-censored observations, the 
corresponding integral is the survival function:

Z 1

8
f(t)dt = S(8)e.g.,



Maximum likelihood estimation
• Random variables Ti, Ci, Xi

– Ci: censoring time of i’th individual
– Ti: event time of i’th individual
– Xi: features of i’th individual

• Observed data are {(ti, di, xi)}, where xi are the features 
and di is the indicator of whether the outcome is 
censored for the i’th individual
– If di=1, then time t is the time of the event occurrence 
– If di=0, then time t is the time of censoring
– Thus, di=1[Ti < Ci] and ti = diTi + (1-di)Ci

• Formally, we assume (a) 𝐶! ⊥ 𝑇! | 𝑋!, i.e. censoring time 
is (conditionally) independent of event time, and (b) all 
individuals’ are independent



Maximum likelihood estimation

• Two kinds of observations: censored and right uncensored
• Putting the two together, we get the log-likelihood is, where 

n=# data points:

• Maximize via gradient or stochastic gradient ascent!

nX

i=1

[di log f(ti | xi;�) + (1� di) logS(ti | xi;�)]

Suppose 𝜆 = exp 𝜷 ⋅ 𝒙𝒊 . Then: f(ti | xi;�) = exp(� · xi) exp(� exp(� · xi)ti)

S(ti | xi;�) = exp(� exp(� · xi)ti)
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Table 2.1 Useful parametric distributions for survival analysis
Distribution Hazard rate λ(t) Survival function

S(t)
Density function f (t)

Exponential (λ > 0) λ exp(−λt) λ exp(−λt)

Weibull (λ,φ > 0) λφtφ−1 exp(−λtφ) λφtφ−1 exp(−λtφ)

Log-normal
(σ > 0,µ ∈ R)

f (t)/S(t) 1 − !{(lnt − µ)/σ} ϕ{(lnt − µ)/σ}(σt)−1

Log-logistic
(λ > 0,φ > 0)

(λφtφ−1)/(1+ λtφ) 1/(1+ λtφ) (λφtφ−1)/(1+ λtφ)2

Gamma (λ,φ > 0) f (t)/S(t) 1 − I (λt,φ) {λφ/"(φ)}tφ−1 exp(−λt)

Gompertz
(λ,φ > 0)

λeφt exp{ λ
φ (1 − eφt )} λeφt exp{ λ

φ (1 − eφt )}

!(·) [ϕ(·)], c.d.f [p.d.f.] of N(0,1); I (x,φ) = 1
"(φ)

∫ x
0 uφ−1e−udu, incomplete gamma function

we have
f (t) = λφtφ−1 exp(−λtφ) t ≥ 0.

Note that
log{− log S(t)} = logλ + φ log t,

which is used for checking the Weibull model.
Table2.1 summarizes useful parametric distributions including exponential,

Weibull, log-normal, log-logistic, gamma, and Gompertz. These parametric distribu-
tions have been implemented in the survreg() function in the R package survival
as we see in Sect. 2.4.

Percentile of Distribution

Inmany applications, the percentile of a failure time distribution is of interest, e.g., the
median survival time. The 100pth percentile (or the pth quantile) of the distribution
of T is the value tp satisfying

P(T ≤ tp) = p ∈ (0, 1),

which is equivalent to S(tp) = 1 − p. That is, tp = F−1(p) indicates the time point
to which the 100p% of population will fail; in particular, the median survival time
t0.5 is the median of distribution of T . For example, tp = − log(1 − p)/λ for an
exponential distribution and tp = {− log(1 − p)/λ}1/φ for a Weibull distribution.

2.1.2 Nonparametric Estimation of Basic Quantities

In survival analysis, parametricmethods based on distributions in Table2.1 have been
well developed and would provide efficient results when the parametric assumptions

h(t)



Example: estimating (heterogeneous) 
treatment effects

[Kleinbaum & Klein. Survival Analysis: A Self-Learning Text. Springer, 2005]

IV. Goals of Survival
Analysis

Wenow state the basic goals of survival analysis.

Goal 1: To estimate and interpret survivor and/
or hazard functions from survival data.

Goal 2: To compare survivor and/or hazard
functions.

Goal 3: To assess the relationship of explana-
tory variables to survival time.

Regarding the first goal, consider, for example,
the two survivor functions pictured at the left,
which give very different interpretations. The
function farther on the left shows a quick drop
in survival probabilities early in follow-up but a
leveling off thereafter. The function on the
right, in contrast, shows a very slow decrease
in survival probabilities early in follow-up but a
sharp decrease later on.

We compare survivor functions for a treat-
ment group and a placebo group by graphing
these functions on the same axis. Note that up
to 6 weeks, the survivor function for the treat-
ment group lies above that for the placebo
group, but thereafter the two functions are at
about the same level. This dual graph indicates
that up to 6 weeks the treatment is more
effective for survival than the placebo but has
about the same effect thereafter.

Goal 3 usually requires using some form of
mathematical modeling, for example, the Cox
proportional hazards approach, which will be
the subject of subsequent chapters.

V. Basic Data Layout
for Computer

We previously considered some examples of
survival analysis problems and a simple data
set involving six persons. We now consider the
general data layout for a survival analysis.
We will provide two types of data layouts, one
giving the form appropriate for computer use,
and the other giving the form that helps us
understand how a survival analysis works.

S(t) S(t)

tt

t

S(t)
Treatment

Placebo

6

Goal 3: Use math modeling, e.g.,
Cox proportional hazards

Two types of data layouts:

! for computer use
! for understanding
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Intervention, 𝑇

(e.g. medication, 
procedure)

Outcome, 𝑌, i. e. S(𝑡) for all t

Patient, 𝑋

?

One can perform covariate adjustment using survival models 
Goal: predict individual’s survival 
curve

Must include all confounding factors in X (needed for 
adjustment formula to hold)



Also notice from the graph that one can obtain
estimates of the median survival time, the time
at which the survival probability is.5 for each
group. Graphically, the median is obtained by
proceeding horizontally from the 0.5 point on
the Y-axis until the survivor curve is reached,
as marked by an arrow, and then proceeding
vertically downward until the X-axis is crossed
at the median survival time.

For the treatment group, themedian is 23weeks;
for the placebo group, the median is 8 weeks.
Comparison of the two medians reinforces our
previous observation that the treatment is more
effective overall than the placebo.

VIII. Example: Extended
Remission Data

Before proceeding to another data set, we con-
sider the remission example data (Freireich
et al., Blood, 1963) in an extended form. The
table at the left gives the remission survival
times for the two groups with additional infor-
mation about white blood cell count for each
person studied. In particular, each person’s
log white blood cell count is given next to
that person’s survival time. The epidemiologic
reason for adding log WBC to the data set
is that this variable is usually considered an
important predictor of survival in leukemia
patients; the higher the WBC, the worse the
prognosis. Thus, any comparison of the
effects of two treatment groups needs to con-
sider the possible confounding effect of such
a variable.

1

Median X

Y

0.5

0

Median (treatment) ¼ 23 weeks
Median (placebo) ¼ 8 weeks

Group 1 Group 2
t (weeks) log WBC t (weeks) log WBC

6 2.31 1 2.80
6 4.06 1 5.00
6 3.28 2 4.91
7 4.43 2 4.48
10 2.96 3 4.01
13 2.88 4 4.36
16 3.60 4 2.42
22 2.32 5 3.49
23 2.57 5 3.97
6þ 3.20 8 3.52
9þ 2.80 8 3.05
10þ 2.70 8 2.32
11þ 2.60 8 3.26
17þ 2.16 11 3.49
19þ 2.05 11 2.12
20þ 2.01 12 1.50
25þ 1.78 12 3.06
32þ 2.20 15 2.30
32þ 2.53 17 2.95
34þ 1.47 22 2.73
35þ 1.45 23 1.97

30 1. Introduction to Survival Analysis

Example: estimating (heterogeneous) 
treatment effects

T=0 T=1

[Kleinbaum & Klein. Survival Analysis: A 
Self-Learning Text. Springer, 2005]

Same leukemia data as 
before, from Freireich et. 
al. Blood, 21: 699-716, 
1963.



Also notice from the graph that one can obtain
estimates of the median survival time, the time
at which the survival probability is.5 for each
group. Graphically, the median is obtained by
proceeding horizontally from the 0.5 point on
the Y-axis until the survivor curve is reached,
as marked by an arrow, and then proceeding
vertically downward until the X-axis is crossed
at the median survival time.

For the treatment group, themedian is 23weeks;
for the placebo group, the median is 8 weeks.
Comparison of the two medians reinforces our
previous observation that the treatment is more
effective overall than the placebo.

VIII. Example: Extended
Remission Data

Before proceeding to another data set, we con-
sider the remission example data (Freireich
et al., Blood, 1963) in an extended form. The
table at the left gives the remission survival
times for the two groups with additional infor-
mation about white blood cell count for each
person studied. In particular, each person’s
log white blood cell count is given next to
that person’s survival time. The epidemiologic
reason for adding log WBC to the data set
is that this variable is usually considered an
important predictor of survival in leukemia
patients; the higher the WBC, the worse the
prognosis. Thus, any comparison of the
effects of two treatment groups needs to con-
sider the possible confounding effect of such
a variable.

1

Median X

Y

0.5

0

Median (treatment) ¼ 23 weeks
Median (placebo) ¼ 8 weeks

Group 1 Group 2
t (weeks) log WBC t (weeks) log WBC

6 2.31 1 2.80
6 4.06 1 5.00
6 3.28 2 4.91
7 4.43 2 4.48
10 2.96 3 4.01
13 2.88 4 4.36
16 3.60 4 2.42
22 2.32 5 3.49
23 2.57 5 3.97
6þ 3.20 8 3.52
9þ 2.80 8 3.05
10þ 2.70 8 2.32
11þ 2.60 8 3.26
17þ 2.16 11 3.49
19þ 2.05 11 2.12
20þ 2.01 12 1.50
25þ 1.78 12 3.06
32þ 2.20 15 2.30
32þ 2.53 17 2.95
34þ 1.47 22 2.73
35þ 1.45 23 1.97
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The example of interaction we just gave is but
one way interaction can occur; on the other
hand, interaction may not occur at all. As with
confounding, it is beyond our scope to provide a
thorough discussion of interaction. In any case,
the assessment of interaction is something to
consider in one’s analysis in addition to con-
founding that involves explanatory variables.

Thus, with our extended data example, the
basic problem can be described as follows: to
compare the survival experience of the two
groups after adjusting for the possible con-
founding and/or interaction effects of logWBC.

The problem statement tells us that we are now
considering two explanatory variables in our
extended example, whereas we previously con-
sidered a single variable, group status. The
data layout for the computer needs to reflect
the addition of the second variable, log WBC.
The extended table in computer layout form is
given at the left. Notice that we have labeled the
two explanatory variables X1 (for group status)
and X2 (for log WBC). The variable X1 is our
primary study or exposure variable of interest
here, and the variable X2 is an extraneous vari-
able that we are interested in accounting for
because of either confounding or interaction.

Need to consider:

! interaction;
! confounding.

The problem:
Compare two groups after adjusting
for confounding and interaction.

EXAMPLE

Individual

Group

Group

1

2

1 6

1
1
2
2
3
4
4
5
5
8
8
8
8

11
11
12
12
15
17
22
23

2.31
4.06

2.80
5.00
4.91
4.48
4.01
4.36
2.42
3.49
3.97
3.52
3.05
2.32
3.26
3.49
2.12
1.50
3.06
2.30
2.95
2.73
1.97

3.28
4.43
2.96
2.88
3.60
2.32
2.57
3.20
2.80
2.70
2.60
2.16
2.05
2.01
1.78
2.20
2.53
1.47
1.45

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

1
1
1
1
1
1
1
1
1
0
0
0
0
0
0
0
0
0
0
0
0

6
6
7

10
13
16
22
23
6
9

10
11
17
19
20
25

32
32

34
35

2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21

22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42

(weeks) d (Group) (log WBC)
t

#
X1 X2
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treatment effects

T=0 T=1

Treatment
indicator



Evaluation for survival modeling
• Concordance-index (also called C-statistic): look at 

model’s ability to predict relative survival times:

[Wang, Li, Reddy. Machine Learning for Survival Analysis: A Survey. 2017]

ĉ =
1

nc

X

i:di=1

X

ti<tj

1[ŷi < ŷj ] ŷi = Ef(T |xi;�)[T ]nc =
X

i:di=1

X

ti<tj

1

The mean of an exponential distribution is 1/𝜆.
Suppose we parameterize with 𝜆 = exp 𝜷 ⋅ 𝒙 . Then 1𝑦- = exp −𝜷 ⋅ 𝒙- .
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Table 2.1 Useful parametric distributions for survival analysis
Distribution Hazard rate λ(t) Survival function

S(t)
Density function f (t)

Exponential (λ > 0) λ exp(−λt) λ exp(−λt)

Weibull (λ,φ > 0) λφtφ−1 exp(−λtφ) λφtφ−1 exp(−λtφ)

Log-normal
(σ > 0,µ ∈ R)

f (t)/S(t) 1 − !{(lnt − µ)/σ} ϕ{(lnt − µ)/σ}(σt)−1

Log-logistic
(λ > 0,φ > 0)

(λφtφ−1)/(1+ λtφ) 1/(1+ λtφ) (λφtφ−1)/(1+ λtφ)2

Gamma (λ,φ > 0) f (t)/S(t) 1 − I (λt,φ) {λφ/"(φ)}tφ−1 exp(−λt)

Gompertz
(λ,φ > 0)

λeφt exp{ λ
φ (1 − eφt )} λeφt exp{ λ

φ (1 − eφt )}

!(·) [ϕ(·)], c.d.f [p.d.f.] of N(0,1); I (x,φ) = 1
"(φ)

∫ x
0 uφ−1e−udu, incomplete gamma function

we have
f (t) = λφtφ−1 exp(−λtφ) t ≥ 0.

Note that
log{− log S(t)} = logλ + φ log t,

which is used for checking the Weibull model.
Table2.1 summarizes useful parametric distributions including exponential,

Weibull, log-normal, log-logistic, gamma, and Gompertz. These parametric distribu-
tions have been implemented in the survreg() function in the R package survival
as we see in Sect. 2.4.

Percentile of Distribution

Inmany applications, the percentile of a failure time distribution is of interest, e.g., the
median survival time. The 100pth percentile (or the pth quantile) of the distribution
of T is the value tp satisfying

P(T ≤ tp) = p ∈ (0, 1),

which is equivalent to S(tp) = 1 − p. That is, tp = F−1(p) indicates the time point
to which the 100p% of population will fail; in particular, the median survival time
t0.5 is the median of distribution of T . For example, tp = − log(1 − p)/λ for an
exponential distribution and tp = {− log(1 − p)/λ}1/φ for a Weibull distribution.

2.1.2 Nonparametric Estimation of Basic Quantities

In survival analysis, parametricmethods based on distributions in Table2.1 have been
well developed and would provide efficient results when the parametric assumptions

h(t)

Example:



Evaluation for survival modeling

• Concordance-index (also called C-statistic): look at 
model’s ability to predict relative survival times:

• Illustration – blue lines denote pairwise comparisons:

• Equivalent to AUC for binary variables and no censoring

[Wang, Li, Reddy. Machine Learning for Survival Analysis: A Survey. 2017]

1:22 P. Wang et al.

tion performance in survival analysis needs to be measured using more specialized
evaluation metrics.

5.1. C-index
In survival analysis, a common way to evaluate a model is to consider the relative risk
of an event for different instance instead of the absolute survival times for each in-
stance. This can be done by computing the concordance probability or the concordance
index (C-index) [Harrell et al. 1984; Harrell et al. 1982; Pencina and D’Agostino 2004].
The survival times of two instances can be ordered for two scenarios: (1) both of them
are uncensored; (2) the observed event time of the uncensored instance is smaller than
the censoring time of the censored instance [Steck et al. 2008]. This can be visualized
by the ordered graph given in Figure 4. Figure 4(a) and Figure 4(b) are used to illus-

           (a)                                                                                                        (b)

1y 2y 3y 4y 5y 1y 2y 3y 4y 5y

Fig. 4: Illustration of the ranking constraints in survival data for C-index calculations
(y1 < y2 < y3 < y4 < y5). Here, black circles indicate the observed events and red
circles indicate the censored observations. (a) No censored data and (b) with censored
data.

trate the possible ranking comparisons (denoted by edges between instances) for the
survival data without and with censored instances, respectively. There are

�5
2

�
= 10

possible pairwise comparisons for the five instances in the survival data without cen-
sored cases shown in Figure 4(a). Due to the presence of censored instances (repre-
sented by red circles) in Figure 4(b), only 6 out of the 10 comparisons are feasible.
It should be noted that, for a censored instance, only an earlier uncensored instance
(for example y2&y1) can be compared with. However, any censored instance cannot be
compared with both censored and uncensored instances after its censored time (for
example, y2&y3 and y2&y4) since its actual event time is unknown.

Consider both the observations and prediction values of two instances, (y1, ŷ1) and
(y2, ŷ2), where yi and ŷi represent the actual observation time and the predicted value,
respectively. The concordance probability between them can be computed as

c = Pr(ŷ1 > ŷ2|y1 � y2) (20)
By this definition, for the binary prediction problem, C-index will have a similar mean-
ing to the regular area under the ROC curve (AUC), and if yi is binary, then the C-index
is the AUC [Li et al. 2016d]. As the definition above is not straightforward, in practice,
there are multiple ways of calculating the C-index.
(1) When the output of the model is a hazard ratio (such as the outcome obtained by

Cox based models), C-index can be computed using

ĉ =
1

num

X

i:�i=1

X

j:yi<yj

I[Xi�̂ > Xj �̂] (21)

where i, j 2 {1, · · · , N}, num denotes the number of all comparable pairs, I[·] is the
indicator function and �̂ is the estimated parameters from the Cox based models.
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Black = uncensored (𝑑! = 1)
Red = censored (𝑑! = 0)

ĉ =
1

nc

X

i:di=1

X

ti<tj

1[ŷi < ŷj ] ŷi = Ef(T |xi;�)[T ]nc =
X

i:di=1

X

ti<tj

1
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Comments on survival modeling

• Could also evaluate:
– Mean-squared error for uncensored individuals
– Held-out (censored) likelihood
– Derive binary classifier from learned model and check 

calibration

• Partial likelihood estimators (e.g. for cox-
proportional hazards models) can be much more 
data efficient (see Ch. 3 of book)

Deep Cox Mixtures

interchangeably. Lin (2007) shows that the likelihood of the observed data D is, up to
constant factors,

L (⇤) =

|D |Y

i=1

(�(ui|xi))
�i S(ui|xi). (1)

In the following sections, we show how plugging in specific functional forms for S(t|x) allows
us to derive survival function estimators.

3.2. MLE for the standard Cox PH model

The key idea behind the Cox model is to assume that the conditional hazard of an individual,
is �(t|x) = �0(t) exp

�
f(✓, x)

�
, where f is typically a linear function. Under the Cox model,

the full likelihood as in equation 1 is

L (✓,⇤0) =

|D |Y

i=1

✓
�0(ui) exp

�
f(✓, xi)

�◆�i

S0(ui)
exp

�
f(✓;xi)

�
(2)

Cox (1972) and the discussion of his paper by Breslow (1972), suggest deriving a maximum
likelihood estimate of ✓ by maximizing the partial likelihood, PL (✓) defined below, and
using the following estimator of the baseline survival function ⇤0(·),

PL (✓) =
Y

i:�i=1

exp
�
f(✓; xi)

�
P

j2R(ti)
exp

�
f(✓; xj)

� , b⇤0(t) =
X

i:ti<t

1
P

j2R(ti)
exp

�
f(b✓; xj)

� , (3)

where R(ti) is the ‘risk set’ – the set of individuals that survived beyond time ti.

3.3. Proposed Model

In the case of DCM we propose an extension to the Cox model, modeling an individual’s
survival function using a finite mixture of K Cox models, with the assignment of an individual
i to each latent group mediated by a gating function g(.) The full likelihood for this model is

L (✓,⇤k) =

|D |Y

i=1

Z

Z
(�(ui|xi))

�i Sk(ui|xi)P(Z = k|xi).

where, �(ui|xi) = �k(ui) exp
�
fk(✓, xi)

�
, Sk(ui|xi) = Sk(ui)

exp
�
fk(✓;xi)

�

and, P(Z = k|X = xi) = softmax
�
g(✓; xi)

�
(4)

Architecture: We allow the model to learn representations for the covariates xi by passing
them through a encoding neural network, �(.) : Rd ! Rh. This representation then interacts
with linear functions f and g defined on Rh ! Rk; that determine the log hazard ratios and
the mixture weights respectively. The set of parameters for the encoder � and the linear
functions f and g are jointly notated as ✓. We experiment with a simple feed forward MLP
and a variational auto-encoder for �(.) The parameters of the MLP and the VAE are learnt
jointly during learning. For the VAE variant the encoder and the decoder architecture is
kept the same. We also experiment with a variant that doesn’t use representation learning
and thus the functions f and g are linear and restricted to operate on the original features x.
Figure 1 provides a schematic description of our approach.
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Deep Cox mixtures for survival 
regression

Deep Cox Mixtures

(under and over estimation) of the risk are potentially unfair making calibration a well suited
metric for fairness evaluation.⇤

Survival analysis scenarios are also prone to censoring, making estimation of the Expected
Calibration Error challenging. Methods involving evaluation for calibration in the presence of
censoring have involved simple histogram based binning methods followed by Kaplan-Meier or
IPCW estimation of the Survival probability within each bin. More involved recent methods
involve non parametric methods like regression splines (Austin et al., 2020) and kernel
methods (Yadlowsky et al., 2019). In this tradition, we shine the light on the calibration of
models in our empirical evaluations, emphasizing the calibration within minority groups, in
particular. We find that without sacrificing discriminative performance, the added flexibility
of our mixture model improves calibration, overall and especially in minority groups.

3. The Deep Cox Mixture Model
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Figure 1: Deep Cox Mixtures: Representation of the individual covariates x are generated
using an encoding neural network. The output representation ex then interacts with linear
functions f and g that determine the proportional hazards within each cluster Z 2 {1, 2, ...K}
and the mixing weights P(Z|X) respectively. For each cluster, baseline survival rates Sk(t)
are estimated non-parametrically. The final individual survival curve S(t|x) is an average
over the cluster specific individual survival curves weighted by the mixing probabilities
P(Z|X = x).

3.1. Notation

We consider a dataset of right censored observations D = {(xi, �i, ui)}Ni=1 of three tuples,
where xi are the covariates of an individual i, �i is an indicator of whether an event occured
or not and ui is either the time of event or censoring as indicated by �i.

We consider a maximum likelihood (MLE) based approach to learning S(t|x) = P(T >
t|X = x) from the data. Recall that the survival distribution S(t|x) is isomorphic to
the cumulative hazard function ⇤(t|x), and under continuity, this is equivalent to the
hazard function �(t|x). As a result, we will refer them in the parameters of the likelihood

⇤
In healthcare, it is typically ethical to include demographic information like race and gender when

estimating outcomes. If there are strong reasons to believe that such information does not cause the outcome,

other definitions of algorithmic fairness might be more valid.
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interchangeably. Lin (2007) shows that the likelihood of the observed data D is, up to
constant factors,

L (⇤) =

|D |Y

i=1

(�(ui|xi))
�i S(ui|xi). (1)

In the following sections, we show how plugging in specific functional forms for S(t|x) allows
us to derive survival function estimators.

3.2. MLE for the standard Cox PH model

The key idea behind the Cox model is to assume that the conditional hazard of an individual,
is �(t|x) = �0(t) exp

�
f(✓, x)

�
, where f is typically a linear function. Under the Cox model,

the full likelihood as in equation 1 is

L (✓,⇤0) =

|D |Y

i=1

✓
�0(ui) exp

�
f(✓, xi)

�◆�i

S0(ui)
exp

�
f(✓;xi)

�
(2)

Cox (1972) and the discussion of his paper by Breslow (1972), suggest deriving a maximum
likelihood estimate of ✓ by maximizing the partial likelihood, PL (✓) defined below, and
using the following estimator of the baseline survival function ⇤0(·),

PL (✓) =
Y

i:�i=1

exp
�
f(✓; xi)

�
P

j2R(ti)
exp

�
f(✓; xj)

� , b⇤0(t) =
X

i:ti<t

1
P

j2R(ti)
exp

�
f(b✓; xj)

� , (3)

where R(ti) is the ‘risk set’ – the set of individuals that survived beyond time ti.

3.3. Proposed Model

In the case of DCM we propose an extension to the Cox model, modeling an individual’s
survival function using a finite mixture of K Cox models, with the assignment of an individual
i to each latent group mediated by a gating function g(.) The full likelihood for this model is

L (✓,⇤k) =

|D |Y

i=1

Z

Z
(�(ui|xi))

�i Sk(ui|xi)P(Z = k|xi).

where, �(ui|xi) = �k(ui) exp
�
fk(✓, xi)

�
, Sk(ui|xi) = Sk(ui)

exp
�
fk(✓;xi)

�

and, P(Z = k|X = xi) = softmax
�
g(✓; xi)

�
(4)

Architecture: We allow the model to learn representations for the covariates xi by passing
them through a encoding neural network, �(.) : Rd ! Rh. This representation then interacts
with linear functions f and g defined on Rh ! Rk; that determine the log hazard ratios and
the mixture weights respectively. The set of parameters for the encoder � and the linear
functions f and g are jointly notated as ✓. We experiment with a simple feed forward MLP
and a variational auto-encoder for �(.) The parameters of the MLP and the VAE are learnt
jointly during learning. For the VAE variant the encoder and the decoder architecture is
kept the same. We also experiment with a variant that doesn’t use representation learning
and thus the functions f and g are linear and restricted to operate on the original features x.
Figure 1 provides a schematic description of our approach.
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Conclusion

• Last lecture and this, we tackled two challenges that 
commonly arise in supervised learning in health care
1. Classification with noisy labels
2. Regression with censored labels

• Strong assumptions allowed us to develop simple 
solutions
– 𝑋 ⊥ '𝑌| 𝑌 (noise rate constant for all examples)
– 𝐶 ⊥ 𝑇 | 𝑋 (censoring time independent of survival time)

• Can we relax these assumptions? Can we do survival 
modeling with noisy labels?
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